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PREFACE 


I N c()nse<iueuce of the revolution protluccd in 
mathematical thought by the principle of rela- 
tivity, geometry falls naturally into threi‘ stages. 
The first stage is the geometry of luiclidian space. 
The second stage brings the fourth dimension of the 
world into consideration and assumes th(^ <‘\istenc(! 
of straight lines. The third stages continues thtt 
discussion of the four-dimensional world and recog- 
nizes that straight lines do not exist and that their 
place is taken by geodesics. It is the second stage 
that is treated in this book. 

If we want to study the structure of an apple 
we may cut it in half, and thus obtain jnore know- 
ledge. Further sections will give additional know- 
ledge. But if we could make the apple trans{)arent 
instead of cutting it up we should obtain a truer 
picture. The classical view of the world, which 
treats it as three-dimensional, gives only a section of 
the true world which has four dimensions. Our aim 
is to study the four-dimensional world without cutting 
it up, and thereby to obtain a picture that is as much 
truer than the classical view as our picture of the 
transparent apple is truer than the view we obtain 
by cutting it in half. 

The chief importance of the study of the 
“ flat *’ fourfold lies in the fact that it is a necessary 
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preliminary to the study of the curved fourfold. But 
it has also value of its own. This limited treatment 
has, for example, led to important improvements in 
the laws of electromagnetic phenomena, and has re- 
volutionized the laws of motion. The changes in the 
laws of motion do not affect relatively slow motions 
such as engineers deal with, but are of the first 
consequence for rapidly moving bodies like electrons. 

The demands on the knowledge of one who 
wishes to read this book are not great. He must 
be acquainted with the Cartesian method of treating 
geometry and with the meaning of conjugacy with 
respect to a conicoid. 

Lastly, a word on terminology. English, like 
other languages, was evolved by a race conscious 
only of three dimensions. In consequence, it is 
seriously inadequate to the description of the four- 
fold world. The circumlocutions necessary in the 
absence of new terms would be intolerable. The 
invention of new terms is unavoidable, but satisfactory 
terms cannot be invented in a moment, and we ask 
the indulgence of the reader for their inevitable 
inadequacy. 

I thank my colleague. Dr. H, B. Heywood, 
for many valuable suggestions made during proof- 
reading. 

D. B. M. 


April, tga6 
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CHAPTER r 

VECTOR QUANTITIES 

Loci of Various Dimensions 

I, An unrestricted i^oint in a manifold has dej;rccs of 
freedom equal in number to the dimensions of the manifold. 
One degree of restraint defined by an ecjuation or otherwise 
removes a degree of freedom, and every additional degree 
of restraint removes another degree of freedom. Thus in 
Euclidian space of three dimensions one eijuation picks 
out a two-dimensional region which we call a surface, or 
in special circumstances a plane; two e<iuations [)ick out 
a curv’e which may in particular cases be a straight line ; 
and three equations give one or more points. 

In the fourfold an equation picks out a three-dimensioruil 
region. This region we shall call a trisurface, and in con- 
tradistinction the surface of two dimensions will be called a 
bisurface. CorresfX)nding to these we shall also use the 
terms tri plane and biplane. 

Two eejuations in a fourfold give a locus of two dimen- 
sions, a bisurface. Three equations give a line or curve, 
and four equations give one or more jK^ints. 

In consequence two triplanes meet in general in a 

biplane, and three meet in a line ; a triplanc and a biplane 

I 



1,2] FOURFOLD GEOMETRY 

meet in a line, a triplane and a line meet in a point ; two 
biplanes meet in a point, and a biplane and a line do not 
in general meet at all. 


Line Vector 

2. A straight line has direction and length. When 
considered in relation to its direction as well as its length 
it is called a line-vector or vector. We distinguish its two 
ends, calling one the head and the other the foot ; the 
positive direction of a vector is fn^m the foot to the head. 

In the fourhVid which is our world, time enters as well as 
space. In keeping with this fact we shall .speak of the size 
or magnitude of a line or vector in place of the length, as 
the .terms size and magnitude are less definitely limited to 
space measurement than the term length. 

Area Vector 

3. 'Fwo vectors k 1 with their feet at the same point 0 
determine a parallelogram and a biplane, namely, the 
parallelogram of which they form two sides, and the biplane 
in which they lie. The perimeter of the parallelogram may 
be traversed in either of two directions. We denote it by 
kl when the circuit starts from O along k. W'e also denote 
it by a single letter a. 

4. Letters denoting vector quantities are printed in black 
type to distinguish them from quantities in which magnitude 
alone is expressed without regard to direction or orientation. 
For the latter italic ty|XJ is used. In manuscript work it is 
convenient to use underlining to denote vector quantities. 

5. The parallelogram a ~ kl may be thought of as 
generated by moving the foot of vector k along 1, the size 

2 
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and direction of k rcmaininj; unaltered, or as ‘generated by 
such a parallel shift ot 1 alont; k 

An ambiguity lurks in the symbol which ma>' mean 
“is equal to** and belong to a principal clause or may mean 
“which is e(jual to** and belong to a subordinate clause. 
To avoid that ambiguity wc restiicl the symbol li> use* 
in subordinate clauses, that is to ineaiiings like: which is 
identical with, also written as. also deiioteil b\, which is 
the same thing as. 

6. Multiplying k or 1 by a numlKir multiplies the 
Iiarallelogram by the same num})cr. I hus 
(/ck)l ksl k(Al) - Aa 
If the multiplier is ~ i wc have 

(- k)l = - a k( • 1) « • a 



Inj'urv tor ariiOc i,t). 


Multiplication <jf «)ne of the vectors by - l reveises the 
direction in w^hich the ixiriineter is traversed, so that if a is 
the appropriate name for the circuit traversed in one direc- 
tion the ap|m>priate name for the other direction is - a. 

7. The parallelogram has two faces 01 as]x:its and we 
assexiate each of the twv» directions of the circuit with one 
of the tw'o asjxcts. 


3 
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The circuit can begin at any corner of the parallelogram. 
Thus, by starting from different corners, taking the circuit 
always the same way round, using the two vectors drawn 
from the corner in question, and naming first the one we 
start along, we obtain the following equivalent descriptions 

a==kl==l(-k)«(-k)(-l) = (-l)k 

and by taking the opposite circuit 

-a = lk = (-k)l = (-l)(-k) = k(-l) 



8. The biplane determined by k 1 has a certain orienta- 
tion, that is to say certain inclinations to other figures in the 
fourfold ; the orientation of two parallel biplanes is the same. 

The parallelogram a ~ kl considered in respect of its size, 
orientation, and aspect * is called an area- vector. Any 
piece of a biplane considered as having size, orienta- 
tion, and aspect is called an area-vector. In general the 
form of the boundary is immaterial and any area-vector can 
be replaced by an equivalent parallelogram. 

9. We speak of making the circuit of the perimeter 
OPQRO of a parallelogram. That does not mean that we 
conceive a material particle travelling round. We shall see 
later that that is impossible because it would sometimes 

* Aspect refers to one of two alternatives, namely, one or other of the two 
faces from which a biplane or a triplane can be considered to look out. 
Orientation refers in a wider way to the relative location of the various parts 
of a figure in its surroundings. 
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require the particle to travel backwards in time and some- 
times require it to travel faster than light. By describing 
the circuit in this direction we only mean that we think 

first of vector OP^ then of PQ^ then of QR, and finally of 

10. In Euclidian space we connect (i) a particular direction 
of looking out of a plane with (ii) a circuit in the plane, in 
the way that (i) the direction of motion of a screw is con- 
nected with (ii) the direction in which the screw rotates. The 
analogy fails in the fourfold, both because there is a whole 
biplaneful of directions normal to a given biplane, and also 
because (as we shall .see) one vector cannot always be rotated 
to lie along another. 


Volume Vector 

11. Three vectors k 1 m with their feet at the same 
point O determine the parallelepiped of which they form 
three edges, and determine the triplane in which they lie. 
The triplane has two faces which look out on the two pieces 
into which it divides the fourfold. We associate one of these 
faces or aspects with the name klm for the parallelcpi|x*d ; 
we also denote klm by a single letter v. 

12. To multiply one of the vectors by a number multi- 
plies the parallelepiped by the same number, that is 

pv = (/:)k)lm =« k(pl)m = kl(/)m) 

and when the multiplier is - i we have 

- V = ( - k)lm = k( - l)m « kl( - m) 

1 3. The parallelepiped klm may be generated by moving 
the area vector a ^ kl parallel to itself, one corner of it 

is 



1,14] FOURFOLD GEOMETRY 

traversing the vector m ; or by moving vector m parallel to 
itself, its foot ranging all over the area vector a. 

14. Think of the parallelepiped v - klm as generated by 
the fmrallel shift of a along m. The multiplication of a by 
a number multiplies v by the same number. When the 
number is - i this gives 

- V = ( - a)m = 1km 

so that the interchange of vectors k 1 changes the sign 
of V. 

We can look on v as generated otherwise, say by the shift 
of Im along k, and in that way see that the interchange of 
1 and changes the sign of v. Thus the interchange of any 
two vectors changes the sign of v, that is 

V = klm = Imk = mkl = am = ma 
- V « mlk == 1km = kml 

1 5. The tri])lane has an orientation in the fourfold, and 
the parallelepi])cd considered in respect of size, orientation, 
and aspect is called a volume- vector. And any piece of the 
same triplane of the same size and considered to have the 
same aspect is called an eciual volume-vector. 

The Tetraped 

16 . Along with three vectf>r lines 1 m n forming a 
ixirallelepijxjd we take a fourth p, and we move the 
parallelepiped parallel to itself, one corner traversing p from 
foot to head. The figure generated is the fourfold analogue 
of the parallelepiped in three dimensions. 

The word parallelepipetl is it-elf unwieldy, and if we added 
to it in order to name the analogue and to distinguish between 
the original and the analogue the new words would be of un- 

6 
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conscionable length. We shall therefore telescope them to 
triped and tetraped, in keeping with which a parallelogram 
would be a d>^ped. 



Figure for article i,i6. 



17. The tetraped, having as many dimensions as the four- 
fold, will have no orientation, Jiny more than a trii)ed has in 
a threefold or a parallelogram in a twofold. It is a scalar 
(juantity, and an italic letter /, and not a black letter, is 
appropriate to denote it. We shall call it a supcrvoluine l<> 
distinguish it from a three-dimensional volume. W’e write 
/ Imnp 


18. The tetrajxjd can also be generated by moving line 
vector p parallel to itself, its f(X)t ranging all through the 
volume Imn, or by moving the area vector Im parallel to 
itself, one corner ranging all over the area vector np. 

19. Multiplication of one of the four vectors by a number 
multiplies the tetraped by the .same number, s(j that when 
the number is - i we have 

- / = ( ~ l)mnp = 1( - m)np - lm( - n)p -- lmn( - p) 
Again to multiply ai- lm or v Imn by - i also multiplies 
/ by - I so that 

- / « ( - a)np « mlnp 
-/=*(- v)p = Inmp « etc. 

, 7 
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Thus we see that any interchange of two line-vectors changes 
the sign of / 

20. The tetraped is bounded by eight tripeds. One is 
Imn and another this triped in the position to which the 
shift along p brings it. If we generate the tetraped by 
shifting mlp along n, wc see that another pair are mlp in 
its initial and final positions. Similarly by shifting Inp 
along m, and mpn along 1, we obtain the remaining two 
pairs of bounding tripeds. 

The last six of these tripeds we can also look on as the 
figures generated by the parallel shift of the six faces of Imn 
along p. 

21. If a pair of boundary tripeds meet, the interface is a 
{Darallelogram, for example Imn and mlp meet in the 
jjarallelogram Im. And Imn or any other of the tripeds 
meets six others, one on each of its faces. l{ach of the 
eight tripeds has six faces, and each interface counts twice, 
so that there are 24 interfaces. 

Three tri|xids meet in a line if they meet at all. Each 
triped has 12 edges and each edge is common to three 
tripeds, so that the tetraped has 32 edges. Four tripeds 
meet in a point and each triped has 8 corners, so that the 
tetraped has 16 corners. 

22. We could also count the interfaces as the six faces 
of Imn, the six into which they shift, and the twelve gener- 
ated by the shift of the twelve edges of Imn, in all 24. 
And the edges we could count as the 1 2 edges of Imn, the 
12 into which they shift, and the 8 generated by the shift of 
the 8 corners of Imn, a total of 32. 


8 



[2,2 


CHAPTER 2 

THE REFERENCE LATTICE. PARALLEI. l*k(). 
JECTION 

The Reference Lattice in Euclidian Space 

I. In the Cartesian treatment of Eucliflian j^eoinctry we 
use three axes of coordinates and locate a point P b\' three 
coordinates. We shall denote these coordinates h)' 
where the numbers do not denote powers but are merel>' 
affixes to distinguish the three numbers. i\)wers will rarelx' 
be written by means of indices, and when any ambiguity 
is possible the (piantity to be raised to a jH)wer will lx; 
bracketed. 

To say that x^ are the coordinates of P means in 

the classical usage that we may go from the origin (Mo /* 
by travelling a distance x^ along the first coordinate axis, 
then x^ parallel to the second, and then x^ jjarallel to the 
third. We shall depart from, that usage by marking off 
standard lengths ei along the three axes, and say that 

if x^ ^ jr 3 are the coordinates of P we arrive at P by 
travelling distances of x^€x x^e^ x^^ parallel to the three 
axes. 

2. We also use Ci Ca 63 in black tyj^e to denote vectr)rs 
of lengths et along the three axes. Then x^ti is also 

a vector and states both the direction and distance that we 

9' 



2,3] FOURFOLD GEOMETRY 

are to go parallel to the first axis ; and so for xHty A 

vector sum such as 

is an instruction to go certain distances along the three 
vectors in succession, that is it is a description of our manner 

of travelling from O to P. We use OP to denote the vector 
line OP and express this fact by writing 

OP =« + x^e^ + x^^ 

We also denote the vector line OP by x in heavy type, 
so that 

X = .tr'Cx + ;i^e2 + 4:303 

The vectors ei 62 €3 we call the prime vectors of the 
reference system. The quantities x^ x^ 4*3, which are 
the coordinates of the point P, will also be called the com- 
ponents of the vector x. 

3. There is a convention that enables us to write certain 
expressions with great conciseness. It is that when, as in 

a literal affix apjxiars twice, that is an instruction to give 
a the three values i 2 3 and add, so that x^Ca means 
4 '^ei + 4*^62 + -1:303. In fourfold geometry the repetition of 
an affix instructs us to sum for the four values 1234. 

4. All along the first coordinate axis we mark off lengths 
of ei in both positive and negative directions, and through 
each mark we draw a plane parallel to 02 and 63. The 
plane containing 02 and ©3 we will call the plane 023. In the 
same way we divide up the second and third axes and draw 
planes parallel to ©31 and 612. 

These planes divide space into cells. Each cell is a 

o 
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parallelepiped ; each face of a cell is the jiarallel(\c[ram cut 
from one plane by four others ; each ed^e of a cell has the 
length and direction of a prime vector, and is the portion of 
the line of intersection of two planes cut off by two other 
planes ; each corner is the intersection of three planes. 

The totality of the edges of the cells form a network or 
lattice which we shall call the reference lattice. 

The Reference Lattice in the Fourfold 

5. In the fourfold we start from four prime vectors Ot e^ 
03 04. We produce each in both directions and mark off 
equal lengths as in the threefold. 'I'hrough each mark on 
the prolongation of ei we draw a tri plane parallel to 0234 
that is parallel to the triplar.e containing e^ 04. In 
the same way we draw the other three .series of triplanos. 

These four .series of triplanes divide up the fourfold into 
supercells which are tetrapeds. The eight tri[)eds that 
bound a supercell are parallel in pairs to 6234 ^'43 ^4*2 ^^21. 
The 24 parallelograms in which the tripecls meet are parallel 
in fours to the .six biplanes €12 613 614 623 634 041. And 
the 32 edges of a supercell are parallel eight by eight t(^ the 
four prime vectors 

6. Exercise. — How many supercells have a corner at the 
origin ? How many have the prime vector ei for an edge ? 
How many have er2 as one of their parallelograms? How 
many share the triped 0123? 

7. Exercise. — Show how to draw triplanes, parallel to 
the prime triplanes, through the centres of the 16 tetrapeds 
which meet at the origin, so as to enclose the origin. Di.s- 
cuss how many corners, how many edges, how many paral- 
lelogram faces, and ^ow many triped faces of supercells lie 
in the enclosure. 
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Hence state how many of each of these constituents the 
lattice has per supercell. 

8. Being given the coordinates of the 

point Py or what is the same thing being given the vector 

;r'ei + + ;r 3 e 3 + x^^ 

we arrive at the point P by making the appropriate traverses 

in succession parallel to the 
^ four prime vectors. 

I / If we are given the point P 

/ / but not its coordinates, or if 

/ » 

/ / / we are given the vector x or 

^ *^ot its components, to 

find these coordinates or com- 
ponents we draw through 
a line parallel to 64. A line 
Figure for article 2,8. j ^ triplaiie meet in a point 

so that this line meets e3ai in a point L, We are now 
concerned with the triplane €321 which is a threefold within 
the fourfold In this threefold we draw LM parallel to e3 
to meet the biplane Cia in M, Then in the twofold eia we 
draw MN parallel to ea to meet ei in N, 

We have now a route from O to P each portion of which 
is parallel to a prime vector and x^ x^ ^ x^ are given by 

,r^ei « ON ;r®ea = NM x"^^ =* ML x^j^ = LP, 

9. In the fourfold the repetition of a literal affix, as in 
x^e0y is an instruction to give the affix the four values 1234 
and add ; so that we write 

^ - X « ;i^e, 

10. When we specify the coordinates of a point we are 
specifying a place and a time, we are saying that something 
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happened at a certain place at a certain time, that is we arc 
specifying an event or point-event. Point-event is the ap- 
propriate name for the thing located by four coordinates in 
the fourfold 

We speak of the distance between two places and of the 
interval between two moments of time. We want a corre- 
sponding term when the distance or interval involves both 
space and time. We shall use the term separation between 
two jX)int-events to mean the vector that joins the two. 
We shall also speak of the size or the magnitude of a 
separation. 

11. If we endeavour to build up the supercells of our 
lattice till they fill the fourfold we meet with difficulties. 
The fourfold is warped or curved, it does not contain straight 
lines and geodesics have to do duty instead of them, and the 
direction of the edge of a supercell depends upon the route 
by which we arrive there in the building up. 

We .shall confine ourselves to a region of the fourfold 
within which the coordinates arc of moderate magnitude. 
When we do that, and also choose an appropriate reference 
lattice, the geodesics do not differ perceptibly from straight 
lines and can be treated as straight lines. This region in 
which the geodesics are straight we shall call the “ local 
region ” of the lattice. 

The appropriate kind of reference lattice is one for which, 
in the local region, that is to say in the neighbourhood of 
the origin, the world line of a ray of light is straight or in 
other words, one for which light travels with constant velocity. 

12. The meaning of parallelism is a cjuestion fundamental 
to an attempt to extend our reference lattice indefinitely. 
The answer to the question is a matter for the higher 

13 
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geometry of the fourfold. We confine ourselves in this book 
to the elementary ^ecjiuetry of the fourfold, that is to say to 
the geometry of the local region, in which the geodesics are 
straight and parallelism has the ordinary Euclidian meaning. 

The Surface Plate 

13. One test of the absence of curvature for a small por- 
tion of the fourfijld is the possibility of making true planes 
in the Euclidian sense. A sheet of steel with a true plane 
for one surface is called a surface plate. To ensure plane- 
ness three surface plates are made at the same time, they 
are ground against one another very carefully until every 
pair of them fit with the greatest nicety. The grinding of 
two plates against one another will not ensure planeness, 

as one might be concave and 
^ the other convex, but a third 

plate cannot fit both of them 
unless all three are plane. 

Parallel Projection of a 
Point- Event 

•p 14. The projection of a 
point or point-event parallel 
to a line on to a triplane is 
closely analogous to the pro- 
-I ^ jection in Euclidian space of 

Figure for article 2,14, a point parallel to a line on to 

a plane. Thus if from P we 
draw P r parallel to e4 to meet ei23 ^ > ^ projection 

of and TP the projecting line or projector is where 

OP = X -= .r“ea ;i'^ei + -v-ea + .r 3 e 3 + 

14 
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Wc complete the broken line OUVTP as before so that 

01^ - .v»ei Tn^ = Tt - 

Then we complete the triped of which 01^ V V VT are 
edges, and shift the triped parallel to itself along TP to the 
position shown in the figure. Q is the projection of P 
parallel to Ci on the lattice triplane €234 since PQ is jKirallel 
to Ci and Q lies in Similarly A' is the j)n)jection 

parallel to €2 on the triplane 6134, and N the project i(Mi 
parallel to 63 on 6124. 

15. The projection of parallel to the triplane upon 
the line Ci is also analogous to a projection in luiclidian 
s|>ace. We draw through P the triplane with the appro- 
priate orientation and its intersection with Ci is the reciuired 
projection. Since UP VT TP are parallel to 63 e4 
the triplane determined by these three lines is ptirallel to e2^. 
It is thus the triplane of projection and U is the projection 
of P, 

In fact the shift of the triped OUVT generated a tetraped 
of which four bounding triplancs pass through O and the 
other four through P, OU and QP are a pair of parallel 
edges which join €2^ and the parallel tri plane through 
and are thus the projection of OP parallel to €234 upon Ci 
and the projector of OP parallel to Ci upon 6234. And so 
for the other pairs OW RP ; OX SP ; OY TP. 

16. We observe that the projecting lines that pnjjcct 
different points parallel to 6234 upon ei are not parallel to one 
another. 

17. How are we to project the point-event upon a 
biplane, say upon €12? We capnot project parallel to a line 
because a line and a biplane do uot meet. To project 

15 
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parallel to another biplane is appropriate since two biplanes 
meet in a point. 

Let us project P parallel to C34 upon e^. The projection 
is F, for the parallelogram PTVS is parallel to 034 and V is 
the point it has in common with 012. 

18. We notice that when a number of events are projected 
parallel to 0^4 upon 012, the projecting lines all lie parallel to 
the biplane 034 but are not in general pai'allel to one another. 

19. Exercise. — In the figure of article 2,14 locate the 

projections of the vector OP x upon 

C12 013 C14 023 034 042 

the projections being made parallel to 

. ®34 C23 014 012 013 

respectively. Also give vectorial expressions for the pro- 
jections. 
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CHAPTKR 3 

THK FUNDAMENTAL QUADRATIC FUNCTION 

I. An observer O furnished with a rectangular set of three 
axes, a measuring rod, and a watch locates a }x)int P as 
having coordinates x y z and locates an event H as 
happening at time /. He finds the distance between two 
|X)ints P to be 

sj(x^ - xY + (y* ~ vY 4- ~ oY 

and the time-lapse between two events E /i* to be /* - /. 

Let observers K L . , . occupy fixed jxjsitions with 
respect to O’s reference frame, and measure the distance 
PP^ and the time-lapse EE^, In both classical and relativity 
geometry their measures of these quantities will be the same 
as 0*s, and we say that these quantities are invariant for all 
such observers. 

Let observers Q R , , , move relative to O with constant 
velocities. Classical geometry says that for them also the 
distance PP^ and the time-lapse EE^ arc invariant, but 
relativity geometry denies the invariance of both quantities 
and sets up in their place the invariant 

- ;r)* -f iy^ - yY + - ^Y “ ~ 

in which the units of space and time are .so related as to 
make the velocity of light unity. Relativity geometry .says 
2 17 
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this quantity is invariant provided that we choose for O a 
set of axes relative to which light travels in straight lines, 
and provided that the magnitude of our coordinates is so 
moderate as not to be affected by the warping of the world. 

It is a hypothesis of the relativity theory that the speed of 
light has the same constant value for all reference systems in 
which light travels in straight lines. 

In relativity geometry we do not discuss the position of 
point P regardless of time, or the time of an event E regard- 
less of position ; what we discuss is a point-event P happen- 
ing at the place x y s the time /, or as we may state 
it a point-event with the four coordinates x y z t 

2. To the reference frame or reference lattice carried by 
O we add a fourth axis, which we look on as perpendicular 
to the original three axes, and along this we measure t 
In the four-dimensional manifold constituted by the four axes 

of reference we draw the vector OP which has the four com- 
| 3 onents x y z t. 

We square the invariant quantity of article i and change 
the sign, and take P^ to lie at the origin, and thus have as 
an invariant related to OP 

/2 - ;|;a - ^2 _ ^ 

This quantity which defines the nature of the fourfold world 
is called the Fundamental Quadratic Function. 

The invariance of this quadratic function of the coordin- 
ates is to begin with only a hypothesis. It and other hy- 
potheses of the theory of relativity are raised to the status 
of established fact by the marvellous accuracy with which 
the theory fits the data of physical science. 

3. We observe that when x y z are zero the fundamental 
quadratic function is the square of a time, and that when t 
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is zero it is minus the square of a length. When the function 
is positive we say that vector OP is timelike, and that when 
the function is negative OP is spacelike. We define 
- z‘^ to be the magnitude or measure or 
size of a timelike vector and ^ to be that 

of a spacelike vector ; and in both cases we denote it by oop. 
We also define ^ ~ ^ to be the size-number of 

OP and denote it by vop. Thus for a timelike vector we 
have 

vop^ 

and for a spacelike vector 

vqp « - ^ - y^ - 

4. I-,et us consider the locus of P for which vqp has a con- 
stant value, and first we will consider the locus for which 

is zero. The homogeneity of the expression shows that 
if X y 5: / is on the locus so also is kx ky kz kt That 
is, every point upon the line joining it to the origin is also 
on the locus, which is thus of the nature of a cone. 

The coordinates of every point or point-event on a straight 
line may be expressed in the form 

Ar = « + /p y == b + mp z c + np t d + />p 

in terms of the variable parameter p. The substitution of 
these values in v^p = o gives a quadratic equation for p so 
that the locus has two intersections with a straight line. 

The locus differs however from the cone of Euclidian 
space by having three dimensions. We shall call it a tricone 
and in contradistinction call a cone of two dimensions a 
bicone. 

5. When OP lies near the /-axis v^p is positive. It may 
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fall away from the /-axis in such a way that increases while 
y and z remain zero. In that case vqp remains positive until 
X ^ t when it is zero, and beyond that it becomes negative. 

Similarly the size-number falls 
to zero when y has increased 
to /, X and z remaining zero, 
and also when z increases to /, 
X and y remaining zero. And 
generally as OP falls away in 
any direction from the /-axis, 
it reaches a position where 
+ y^ + - P and the size- 

number is zero. 

Thus one half of the complete 
tricone surrounds the positive 
portion of the /-axis, while the other half surrounds the nega- 
tive portion. In other words, one horn of the tricone sur- 
rounds the axis of future time and the other horn the axis of 
past time. 

6. Consider now the locus of P for which 
vop~t^ - - y^ - - I 

The point-event whose coordinates are o o o i is on the 
locus, and as the present locus cannot cut the tricone v^p =* o, 
all of the locus that is continuous with this point-event must 
lie inside the future-time horn of the tricone. The past-time 
horn of the tricone contains another portion of the locus, and 
the whole locus is symmetrical about the origin ; so that the 
locus consists of two sheets. It is of the second degree and 
may be called a trihyperboloid of two sheets. Each sheet 
is cuplike with the base of the cup facing the origin, as are 
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the two sheets of the hyperboloid of Euclidian space, which 
we now call a bihyperboloid. 

7. The locus for which 

vop _ ^2 ^ . I 

contains the three point-events whose coordinates are 
1000, 0100, 0010. Also a portion of the locus is 

given by / = o ;ir2 + j/® + /r® = l, that is to say by a unit 
sphere which lies in the triplane ^ = o. 

If a point A whose coordinates are a 6 c is such that 
Vq^ is negative (say == - X*), there is a point of the locus on 
the line OA ; we have only to put 

X = \a y ^ \b \c I ^ \ci 

and determine \ from 

If we begin with a vector of positive size-number and 
(keeping its foot at the origin) move it across the tricone 
vqp = o its size-number becomes negative and will remain 
negative until the vector again meets the tricone. That is 
to say a vector of constant negative size-number can travel 
all over the region exterior to the tricone. 

Thus the locus v^q = - l is a tri hyperboloid of one 
sheet. It resembles an hourglass as nearly as a three- 
dimensional locus can resemble a two-dimensional one. 

8. Any locus 

Vqp ZIH _ ;|r2 __ ^2 _ «2 ^ ^ 

is similar to the locus of article 6 or the locus of article 7 
according as k is positive or negative. W’e shall call this 
locus the contour of size-number ky and the whole system of 
loci we shall call the contour system of the fourfold. 
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9. We now change the notation somewhat, \^'e lay off 
vectors Ci €2 63 64, all of unit size, along the four axes 
of coordinates, and we write x"^ x^ instead of 

X y z t 

The coordinates of the head of Ci being 1000, its size 
number is v* == x^x^ - x^x^ - x:^x^ - jr 3 jr 3 « - i 
and the size-numbers of the other prime vectors are 

•'.2 = - I S “ " ^ ^ + I 




figure for article 3,9. Figure for article 3,10. 

Two vectors k 1 with their feet at the origin are said to 
be conjugate if they are conjugate with respect to the conics 
in which the biplane kl cuts the contour system. We use 
K L to denote the heads of the vectors k 1 , and P Q 
to denote the points in which KL cuts the contour whose 

equation is v, = h 

— — ^ 

If we express the vector OP in the form ick + Al, the 
equation vqp = h becomes 

+ 2 kX{ - - km + > 64 / 4 ) = h 

The condition that KLPQ forms a harmonic range, which is 
also the condition of conjugacy of k 1, is that the coefficient 
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of kX vanishes. Thus k 1 are conjugate if* 

- = o 

10. The biplane kl cuts the contour of size-number h in 
a conic. In the case in which the chord PQ is parallel to 
1 the fact that KLPQ is harmonic shows that K bisects PQ. 
Hence 1 is parallel to the tangent at the intersection of k 
with the conic. 

When the conic is a hyperbola its asymptotes are gen- 
erators of the tricone, and each asymptote is self-conjugate. 
By thinking of k 1 as coming to coincidence with one 
another and with an asymptote we see that a timelike and a 
spacelike vector, conjugate to one another, can come to coin- 
cidence on the tricone ; the self-conjugate vector in which they 
unite being no longer either timelike or spacelike but belonging 
to the tricone which separates timelike from spacelike vectors. 

1 1. The locus of vectors x at the origin conjugate to k is 

given by - - k^x!^ - ^3^3 + = o and is 

a tri plane. 

When a vector is conjugate to every direction in a triplane 
the vector and the triplane are said to be conjugate to one 
another. 

12. We take two vectors k 1 at the origin and the two 
triplanes conjugate to them. The triplanes meet in a bi- 
plane B every line of which is conjugate to k and to 1. 
Any vector m in the biplane kl can be expressed in the 
form xk + AI, from which we see that any vector conjugate 
to k and to 1 is conjugate to every line in the biplane kl. 
Hence every line in the biplane B is conjugate to every line 
in the biplane kl. 

* The condition is independent of A so that conjugacy with respect to one 
contour involves conjugacy with respect to all. 
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Two biplanes are said to be conjugate to one another 
when every direction in each is conjugate to every direction 
in the other. 

1 3. Let PQ be a chord of the contour trisurface v, = h 
which is parallel to vector 1 and passes through K the head 
of vector k. In this case the condition that KLPQ forms a 
harmonic range becomes PK = KQ, and we see that the 
vector k drawn from the origin to bisect a chord PQ of a 
contour trisurface is conjugate to the chord. 

14. Let a biplane parallel to the biplane determined by 
1 m pass through the head K of the vector k. Let KPQ 
drawn parallel to A1 + fitn meet the contour Vj^ = h in P and 
Q, K is the middle point of PQ if k and A1 + fxm are con- 
jugate. Hence K bisects every chord in the biplane if k is 
conjugate to 1 and to m. In such a case we say that k is 
conjugate to the biplane. And we state the result : the vec- 
tor from the origin to the centre of the conic of intersection 
of a biplane with a contour is conjugate to the biplane 

1 5. Let a triplane parallel to the tri plane Imn, 1 m n 
being vectors at the origin, pass through the head K of vector 
k. The vector A1 + [xm + vn lies in the triplane Imn. Parallel 
to this vector we draw KPQ to meet contour v, = h in P Q, 
IfkandAl + /xm + m are conjugate A" bisects Hence 
if k is conjugate to 1 m n, A" bisects every chord parallel to 
Imn ; and the vector OK drawn from the origin to the centre 
of the biconicoid • in which a triplane cuts a contour is con- 
jugate to that triplane. 


* Classical words for two-dimensional loci have to do duty for three- 
dimensional loci also. To this end we use the prefixes hi- and tri-. 1 hus a 
bisurface is any two-dimens onal locus and trisurface any three-dimensional 
locus ; a biconicoid is the conicoid of classical terminology, and a triconicoid is 
a three-dimensional locus that intersects a straight line in two point-events. 
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16. We take two vectors 1 m conjugate to one another. 
The two triplanes conjugate to 1 and m meet in a biplane 
every vector of which is conjugate to 1 and m. We take 
one of these and call it n. The three triplancs conjugate to 
1 m n meet in a line which is conjugate to the thiee 
vectors. We use p to denote a vector along this line, and in 
1 m n p we have a system of four mutually conjugate 
vectors. 

17. We shall show that, self-conjugate vectors being ex- 
cluded, a set of four mutually conjugate vectors must con- 
sist of one timelike and three spacelike vectois. 

Let us first suptx)se that of the four k 1 m n the vector 
k is timelike, that is it lies in- 
side the tricone. Let K lie 
inside the future-time horn. 

Since K bisects every chord 
PQ drawn through it and 
parallel to Imn, the ends P Q 
of such a chord both lie on 
the future-time horn. Hence 
if the triplane through K 
and parallel to Imn moves 
parallel to itself to coinci- 
dence with Imn, the ends P 

Figure lor article 3,18. 

Q come to coincidence at the 

origin. Thus Imn meets the tricone only at the origin, that 
is to say it is spacelike.* 

18. Next let us suppose that 1 m n are spacelike 

* A biplane or triplane is called spacelike if every vector in it is spacelike. 
If it contains both spacelike and timelike vectors it is said to be of mixed 
character. 
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Consider the possibility that the biplane Im is of mixed 
character ; in that case we should have the two vectors 1 in 
lying outside the hyperbola in which Im cuts the contour 
and at the same time conjugate with respect to it, which 
is impossible. Therefore biplane Im is spacelike. 

Now consider the possibility that the triplane Imn con- 
tains a timelike vector, say A1 + fxtn + im. This vector lies 
in the same biplane with A1 + fitti and n which are both 
spacelike ; and we arrive at the same contradiction as before, 
two vectors — A1 + fita and n — in the biplane of a hyperbola, 
conjugate to one another, and neither meeting the hyperbola. 
Therefore the triplane Imn is spacelike. 

19. Now consider the vector k conjugate to the triplane 
Imn. If it lay in Imn it would be self-conjugate and we have 
excluded this case. It therefore sticks out from the triplane, 
on the same side as one of the horns of the tricone. Say 
the future-time horn. The triplane T drawn through K 
parallel to Imn cuts the future-time horn only. Hence every 
chord of the biconicoid in which T cuts the tricone lies inside 
the tricone. OK being conjugate to the triplane Imn, K is 
the middle point of every chord of the biconicoid that passes 
through it, and is therefore inside the tricone Thus k is 
timelike. 

We have thus shown that, apart from self-conjugate vectors, 
one of any set of four conjugate vectors is timelike and the 
other three spacelike. 

20. We take a set of four conjugate vectors Ci Ca C3 C4, 
the first three being spacelike and the fourth timelike, all 
of unit size. We assume them to be given in terms of 
another set of conjugate unit vectors Ci Ca €3 64 by 

Cl =* + afCa + rt:fC3 + . . (l) 
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and three similar equations. We can write these equations 
concisely as 

Cx = d:7ep C2 = C3 == ajep C4 ==- (-) 

or still more concisely as 

o- = I 2 3 4 . . ( 3 ) 


where the repetition of p is an instruction to give it the 
values 1234 and add. 

Certain relations hold among the 1 hus we have from 

the size-numbers 

- «)* - «)" - • ( 4 ) 

and 3 other equations. There are 6 conditions of conjugacy 
of the vectors two and two. They may be written 




( 5 ) 


where p <t have the values 1234 and are unequal. 

We can combine all ten by saying that the expression in 
equation 5 Is to be 


+ 


0 when p and or are une 

1 when p = <r = 4 

I when p = cr = I 2 



(f 5 ) 


2 1 . We may use Ci Ca Cj C4 as a reference lattice. .Suppose 

that a vector ^ has comiwnents x' x^ x 3 .r* in the e-system 
and components u 3 u* in the c-system. We have then 


OP = u = «*c. 


and by substituting the values of c. 

= «‘<Cep 
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Since OP is also equal to we have by equating the two 
expressions for the Ci-component 


and so for the other components. All four are included in 
the formula 

which expresses the ^'-components in terms of the 
//-components. 

22. Let us use this formula to express the size-number 
I/or in terms of the //-components. i We have 


Vqp = - XKV^ “ - .f3.r3 + ,1-4x4 

= - 


As the afli.x a is an instruction to carry out certain operations, 
we use a different affix jS the second time it occurs in a pro- 
duct in order to avoid confusion. 

We can withcxit interfering with the prescribed addition 
write the right side of the equation in the form 

This contains i6 terms, obtained by combining the four 
values of a and the four values of j3. The expression 6 of 
article 20 shows that the 1 2 terms for which a and S are 
unecpial vanish, that the coefficient of //4//4 is -h i, and the 
coefficients of //^//^ //-//^ //3//3 are - l. In consequence 
we have 

Vqp = - «V/* - - //3//3 + //4//4 


This shows that the essential quality of any vector OP, its 
size-number, has the same form in terms of its components in 
the c-lattice as it has in terms of its components in the 
e-lattice. 
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New Meaning for the term Perpendicular 

23. The e-lattice with which we had its four prime 

vectors perpendicular to one another in the Euclidian sense 
as well as conjugate with respect to the contour system, 
while the c-lattice has only conjugacy. At first sight this 
fact seems to give the e-lattice a unique position. 

But Euclidian |:)erpendicularity deixjnded on the invariance 
of the distance between two jx)ints, on the invariance of the 
expression If we accept the relativity theory 

of the world which denies that invariance, ICuclidian peri)en- 
dicularity ceases to have any meaning. The unicjueness of 
the e-lattice falls to the ground, and any lattice whose axes 
are conjugate with respect to the contour system is as good 
as any other. 

The term perpendicular having thus lo^t its old meaning 
is free to take on another, and in future we shall use it to 
mean conjugate with respect to the contour system. 'J'hus 
a line conjugate to a triplane will be .said to be perpendicular to 
the triplane, two conjugate lines will be called per[X‘ndicular, 
and the c-lattice will be called a rectangular lattice. 

Orthogonal Projection of a Point-Event 

24. The meaning of orthogonal projection in the fourfold 
is in keeping with the definition of perixjndicularity. To 
project an event P on a triplanc we draw through P the 
line perpendicular to the triplane that is conjugate to the 
triplane with respect to the contour system. The event A/ 
in which this line cuts the triplane is the projection of 

To project P orthogonally on a biplane P we draw 
through P the biplane C perpendicular to //, that is to say 
the biplane C such that every line in C is conjugate to 
every line in /?. The event M in which />’ and C intersect 
is the projection of P, 
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To project Pom, line 1 we draw through P the triplane 
perpendicular to 1, that is conjugate to 1, and the projection 
of P is the event M in which the triplane cuts 1 . 

Parallelism 

25. We are now in a position to discuss parallelism. 
Euclid’s way will not do because it requires us to follow 
straight lines and planes to infinity, and we know that they 
do not remain straight and plane beyond the local region. 
We must have a definition that avoids going to infinity. 

Suppose 7 ' a triplane, and let a vector line 1 of constant 
size and normal to T (that is conjugate to T) move so that 
its foot describes the triplane T, Then its head describes 
another triplane U which is parallel to T. 

The parallel triplanes T U cut any other triplane in 
parallel biplanes, and cut any biplane in parallel lines. 

This discussion assumes the straightness of the lines and 
the flatness of the biplanes and triplanes, and so is only 
valid within a limited region around the origin. The question 
of parallelism for regions beyond is a matter for the higher 
geometry of the fourfold. 

26. We may use alternative definitions of parallelism. 
Thus in a twofold if a triangle moves in such manner that 
the base remains in its own straight line, the two sides 
remain parallel to their original positions. 

In a threefold if the base of a tetrahedron remains in a 
plane and an edge of the base remains in a straight line, all 
the edges and all the faces have parallel motion. 

In the fourfold if one of the bounding tetrahedra of a five- 
face,* which we may call its base, remains in a triplane while 

* A fiveface is the figure enclosed by five triplanes. It corresponds in the 
fourfold to the figure in a threefold enclosed by four biplanes, that is to a 
tetrahedron. 


30 



FUNDAMENTAL QUADRATIC FUNCTION [3.27 

one of the triangles that bound the tetrahedral base remains 
in a biplane, and a side of the triangle remains in its original 
straight line, then all the tetrahedra triangles and edges of 
the five-face move parallel to themselves. 

27. The resemblance between a contour trisurface and a 
hyperboloid of Euclidian space lies in the relation between 
the coordinates of any point upon it. When we think of a 
contour trisurface as the locus of points of constant separa- 
tion from the origin the resemblance is to a sphere, and on 
this basis alternative names like the following are appro- 
priate for contour trisurfaces and their sections : — 
triconicoid trisphere 

trihyperboloid of two doublecup trisphcre 

sheets 

trihypcrboloid of one hourglass trisphcre 

sheet 

tricone trisphere of zero radius 

biconicoid bisphere 

bihyperboloid of two doublecup bisphere 

sheets 

bihyperboloid of one hourglass bisphere 

sheet 

biellipsoid closed bisphere 

bicone bisphere of zero radius 

conic circle 

hyperbola circle of two branches (or 

open circle) 

ellipse closed circle 
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CHAPTER 4 

OBLIQUE LATTICE 

I. Instead of the supercubical * lattice in which the four 
prime vectors have unit size and are at right angles, that is 
to say conjugate with respect to the contour system, we take 
any four independent vectors Ci 62 63 64 which may have any 
sizes and any mutual inclinations. We retain the former 
origin ; and the prime vectors and the new components 

of a vector x are homogeneous linear functions of the 
former prime vectors and components. 

The size-number of a vector x is consequently a homo- 
geneous (quadratic function of the components .r®. We write 
it in the form 

in which and a P are to be summed for the values 

1234. There are thus 10 terms, four of the form 
and six of the form 

2. Let A" L be the heads of vectors k *1 at the origin, 
and let AT/, cut the contour trisurface of size-number h in the 
head of vector x. If we put x = xk + Al, A and /x satisfy 
the equation 

~ + A/®)(#cX:^ + A/^) == + 2/rA;f«/3>t®/^ 

* A word that in classical language means a three-dimensional figure is 
converted by the prefix super- to mean the corresponding four-dimensional 
figure. A supercube has at any corner four edges at right angles and of 
equal size, and its eight faces are eight equal cubes. 
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In the last term is a more concise way of writing 

the carrying out of tlic summation for a j8 
showing the two expressions to have the same value. 

OP OQ being the two possible xalues for x» the vectors 
k 1 will be at right angles, that is to say conjugate with 
respect to the contour system, if KLPQ is a harmonic range, 
that is if = o 

3. The reasoning of article 3,13 and the two following 
articles follows the same lines in the oblique lattice as in the 
siiperciibical lattice. Using the definition of orthogonal 
projection of article 3,24 we state the results as follows : 

(^^) The perpendicular let fall from the origin on a chord 
of any contour trisurface bisects the chord. 

{p) The foot of the perpendicular let fall from the origin 
on a biplane is the centre of the conic iii which the biplane 
cuts any contour trisurface. 

(r) The foot of the perpendicular from the origin on a 
triplane is the centre of the biconicoid in which the Iriplane 
cuts any contour trisurface, 

4. Let k 1 be two vectors, not perpendicular, with their 

heads at K L, Draw KM perpendicular to 1, that is to 

say, in the biplane kl draw KM conjugate to 1 with respect 

to the conics in which kl cuts the contour system. Let 
— ^ ^ 

m denote OM the projection of k, and let p denote MK 

the projector. 

As m 1 lie along the same line they differ in size only 
and we put m = pi 

Also p which we can write as k - m or k ~ pi is per- 
pendicular to 1 so that 
O = 

33 
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We use UTw to denote and have 

P =» Wu/vi m « Im^jvy 
If VI t(Jki are all positive we have 

(T\crjxi == <T\p(Ji = pvj = l3Tu 

so that in this case is the product of the size of 1 and the 
size of the projection of k on L Since oi (7^ are always 
positive we shall have otcTm = - when mia is negative. 

Ambiguity of sign is avoided by dealing with size-numbers 
instead of sizes. We have then in all cases 
viVm = 



The figures show a number of different cases, 1 being time- 
like in figure A and spacelike in figure B, and each figure 
showing four positions for k. 


5. The quantity which we have denoted by Wya is 

called the inner product of the vectors k 1. The symmetry 
of the expression shows that the product of the size of k and 
the size of the projection of I on k is equal to the product of 
the size of 1 and the size of the projection of k on 1. 
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Another symbol for the inner product is k • 1, and 

by taking the case in which k = 1 we have additional 
symbols for the size-number or namely ta^ and 

k • k. 

6. The coordinates of the head of Ci are i o Q o and of 
02 0 I O o, so that 

= Cl • Cl = ^'•iT 
= Cl . €2 = gi2 

and so on. Thus the lo lattice constants gap are ex- 
pressed in terms of the prime vectors, and the equation 

gap = e. . 

combines all ten in one formula. 

We note that gn is positive if Ci is timelike and negative 
if Ci is spacelike. 

We note also that our whole discussion depends upon the 
contour trisurfaces and is thus only valid for the “ local 
region.’* While the quantities are constants in the local 
region we should have to be prepared for variations in them 
if we went beyond the local region. 

7. In the expression 

ttru == k . 1 == gap^""^^ 

# 

we put 1 = Ci so that is i and /3 /+ are zero, and have 
Wkei = k • Ci == 

This quantity we denote by X’t with the affix placed below. 
The inner prorluct of k with 63 63 64 gives three similar 
quantities Jka /{’4. These four quantities are thus defined 
by the equation 

K = gji" 
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They are, for a reason that will presently appear, called the 
derived coordinates of the point K and the derived com- 
ponents of the vector k. 

8. The introduction of these derived quantities gives a new 
form to Wki and Thus 

- 

and when 1 == k this becomes 

- kjc^ 

9. Consider the determinant composed of the lattice con- 
stants 

g = gvx gv^ gis gi4 

g2l M 22 g2$ g 24 

^32 ^33 ^34 

g4i g42 g4s g44 

We expand in terms of the elements of a row or column, 
and denote the coefficient of the element gap by g so that 
for example 

g = + ^14^*'') 

where ^*4 

^32 gS5 g34 

g42 g43 g44 

gg^^ = ~ j ,^^21 g23 g^ == + g21 g24 g23 

j ^3^ gSi ^'■34 ^3t c4''34 ^53 

' ^41 ^43 ^44 4^41 .§*44 .§43 

and so on. 

10. We denote 

gap gaa- gar 

gfip Kfi<r gpr 
gyp gytr gyr 
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by^a^YPOT so that 


= 


= gpyStrr^ 

gy<r gyr gy,l> 
gSa gir gi^ 


where a j 3 y 8 and p a r <!> are even fx:rmutations from 
1234. 

1 1. The equation of article 9 we can write concise!}" as 


g = ggiag^"" or I = 


and the same equation holds with 2 or 3 or 4 substituted 
for the affix i . 

Also 


vanishes for^ times this quantity is the determinant with the 
second row replaced by a repetition of the first. And so for 
^po^* when p and <7 differ. 

We state all these ten relations in one formula as 


^p.^‘ = K 

where Sp means i when p and a are equal, and means zen 
when they are unequal. This last set of equations can be 
taken as the definition of g^ since if we solve them for 
we obtain the values given in article 9 
12. We had in article 7 the equation 

•^a = gap^^ 

to express the derived components Xa of a vector x in term 
of the original components We can also express th 
original components in terms of the derived ones. We forr 
the expression g^Xa, that is to say we take Xx and multipl 
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it by and treat X4 similarly and add. The ex- 

pression has four terms so that on the right side of 

there are 16 terms. We take together the four terms that 
contain namely which is 8? which is unity if jS == i 
and is zero for any other value of jS. 

Treating the other terms similarly we have 

The expression on the right bids us sum four terms for 
p == I 2 3 4. The one for which p = j 3 is unity and the 
rest zero, so that 

- x^ 

that is to say we have expressed x^ x^ x^ a '4 in terms of 
Xi X2 x^ x^, 

13. Exercise. — In an oblique lattice eT234 is there any 
restriction on the number of the prime vectors that may be 
timelike, or on the number that may be spacelike? 
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CHAPTER 5 

THE DERIVED LATTICE IN A TWOFOLD 

I. As a manifold of two dimensions we shall discuss the 
biplane containing the two vectors Ci 62. A vector x lying 
in this twofold has the components equal to zero, so 

that its size-number is 

The determinant ^12 | which we denote by ,^^1212 

^21 ^22 j 

we expand, denoting the coefficient of the clement ^a3 by 
Thus the expansions are 

+ iTiaJ?-”) and 

in which 

gl212g^^ — c ^22 gl2l2g^^ = - gl2 gl2l2g^ = gll 

We note that these values give 

= 82 

the summation being for the values i 2 of a>. 

2. We define two new vectors e® with their affixes 
above by the equations 

e* « 

or written in full 

e* = + g^^t2 
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Along Ci we mark off OP ~ and through P we draw 

PE^ parallel to 62 and equal to and so find the head 

of We also let the perpendicular E^M fall on Ci. Then 

e" . 01 = OM ^ ec = ( 7 /^ . 01 + PM . 0 i 
The first term is ^”0i • 0i or The second term PM . Oi 

is the same as PE^ • 01 or ^^^02 • 0i that is Hence 

0 ' • 01 = ^”^11 + = I 

In the same way we find 

0 " • 02 - ^"^21 + .^^^^22 = O 



Thus 0^ is perpendicular to 02 and of such size as to make 
its inner product with 01 unity. 

Similarly 0^ is perpendicular to 0t and has unit inner pro- 
duct with 02. 

3. Ex0rciS0. — Use the expression ga.fJ^H^ for the inner 
product of k and 1 to find the inner products e^ei 0^03. 

4. The height of a parallelogram is defined as the line 
terminated by, and normal to, a pair of parallel sides, 
normalcy meaning conjugacy with respect to the contour 
system. The figures show the two heights hi h2 of the 
parallelogram 0x02. In figure A the vectors 01 02 are time- 
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like and e' e® spacelike, in figure B Ci is spacelike and Ca 
timelike, spacelike and e® timelike, in figure C Ci Ca are 
spacehke and e® timelike, in figure D Ci Ca e® are 
all spacelike. 

The size ar^ and size-number 1;^^ of the area vector 6162 are 
defined to be (XeiO^ht and where (j^j oju and i/jj^ are 

the sizes and size-numbers of the vectors Ct hi. 

Now hi has the form Ae^ so that 

I = Ca • e® = hi • = Ae* • e® — ” A^u/^iaia 

and 

hi = 

hii = l/i?“ = ^lara/^iT 

Hence 

= ^1212 

5. The biplane Cia may or may not cut the contour 
tricone in real lines. In the former case it contains both 
timelike and spacelike vectors and is called a mixed biplane. 
In the latter case it contains only spacelike vectors and is 
called a spacelike biplane. 

The result of article 4 shows that if ^1212 is positive Ci ht 
must be ol the same kind, and therefore both spacelike ; if 
it is negative they are of different kinds, one timelike and 
one spacelike. 

Hence if ^^1212 is negative the biplane is mixed and 

~ .!?*12I2 

and if it is positive the biplane is spacelike and 
<ya ~ + ^1212 

6. The biplane ei2 cuts the contour tricone along any 

vector X for which (a j8 = i 2) is zero, so that it 
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cuts in real lines if the ecjuation = o has real roots, 

that is to say if ^1212 is negative. That is to say 612 is space- 
like if ^1212 is positive, mixed if it is negative; in agreement 
with the preceding paragraph. 

7. We saw in article 4 that the size-number of a - eie^ is 


%e 2 — .^ri 2 i 2 — j .Cti i 

i .^21 A'22 [ 

This determinant can be expressed as ; Ci • Ci Ci • 02 

I 02 • 01 02 • C 2 


and 


we can take the prime vectors to coincide with an>’ two 
vectors k 1, SO that we may state the general result : 


k. k k.l 

l. k 1.1 


8. Exercise. — Find the relation between 

for which the biplane of the area vector Im contains time- 
like vectors, the vectors 1 m being supposed spacelike. 

9. Exercise. — Show that the size-number of the area 
vector Im is positive if the area is spacelike and negative 
if the area is of mixed character. 

10. Now consider any vector x .^'^eT + x-eo. The 
derived coordinates Xi Xa are defined by 


Xa = X . e^ 

= ;r*et . Ca + x-e^ • ea 

“ (0 

From this 

= s,v 

= x*^ 

Now consider .r^e® *i'ie* + x^e^^, 
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Expressing in terms of Ci Co wc have 

And equation 2 gives so that 

XaC"^ == X^Cp 

or written in full 

Xie^ + X2e^ = .r^Ci + ;t^e2 = x 

that is to say the journey from the origin to the head of the 
vector X may be made by going Xit^ along and x^fi:^ 
along e*. And this means that if we treat as the 

prime vectors of a reference lattice, the components of the 
vector X in this lattice are Xx Xz^ 

We call the lattice the derived lattice in the twofold 
and ei2 the original lattice. The two together we call the 
reference system in the twofold. 

II. The original and derived lattices are completely re- 
ciprocal to one another. Thus the size-number is 

Vx = 

= 

= 

which is the appropriate expression in the derived lattice. 
Also if we denote the derived determinant 

by we .see that = i. We can define by 

the expansion of this determinant ; thus 

^1212 = ^1212 + ^“^12) = + ^^^22) 

which gives the appropriate values to gj2 g2z- 
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CHAPTER 6. 

THE DERIVED LATTICE IN A THREEFOLD 

I. The three prime vectors Ci €3 determine a triplane 
which we shall now consider as a threefold. For any vectt)r 
X lying in this threefold the component ,r 4 is zero, so that its 
size-number is given by 

in which p a- take the values 123. 

We denote the determinant 

g-n ,^12 
^21 ^^22 

.^31 ^3^ ^'■33 

by ^123123. ^Ve denote the coefficient of in an expansion 
of the determinant by ^i23C23,^. Thus for example 

^. 23.23 = + ,i’‘i3ir‘3) = iri23i23iri«^‘" 

where 


1 iTa* 

^23 


^23 

^21 

J'32 

^35 


^33 

J?' 3 i 


and generally, a jS y and par being even permutations of 
I 2 3, 

1 ^ycr ^yr 
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Wc use to denote this last determinant, and the 

equation takes the form 

^ 123123 ^“^ == gBytrr 

The expansion of ^''123123 shows that is unity when a 

and p are equal. When they are unequal the expression 
comes from the expansion of a determinant with two identical 
rows, and is therefore zero. All cases are therefore covered 
in the statement 

= 82 

2. We now introduce three vectors e* defined by 

e“ = 

in which wc sum for the values i 2 $ o( o> and a takes the 
values t 2 3, The new vectors being linear functions of 
Ci 62 63 will lie in the same threefold 6123. 

3. For the inner product of two vectors k 1 which lie 
in tlie threefold and have no e+'CcmixMicnt the expression 
becomes 

summed for the values i 2 3 of a and ^ 

We make k equal to e* which has the components g'^ 
g'^i and 1 equal to 62 which has components o i o. Then 
for the inner product e‘ • 62 we have 

gjf- = goxg'^^ = o 

Taking in this way the inner product of e’ with each of the 
prime vectors e. we find that is normal to Ca and €3 and 
has inner product unity with Ci. 

In the same way we see that e® has inner product unity 
with 02 and is normal to 63 and e„ and that e 3 has inner pro- 
duct unity with 63 and is normal to Ci and Ca. 
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4. The reasoning of article 3 can be put in a somewhat 
different form. Thus 

e" • = CT’eJ • . e^) = 

This properly understood gives the reasoning of article 3, 
and it also treats all nine cases at once. 

5. Since e 3 is normal to €12, that is conjugate to it with 
respect to the contour system, the height h of the triped 
eie2e3 when we look on €162 as base lies along 

We define the size ar^ and .size-number of the trij)ed as 



Figure for article 6,5. 

being (Taab and where <7^ cr^ and v, are the sizes and 
size-numbers of the parallelogram 6162 and the height h. 

Since h has the form Ae 3 and is the projection of €3 upon 
e 3 we have 

I = 63. e3 = h . e3 = Ae3 . e3 == ^^33 

and by the aid of the definition of ^33 given in article i 

Vh = A 2 e 3 .e 3 = ^ 1/^33 = ^123123/^1212 

~ ^1231^23 

6. The triplane 6123 may cut the contour tricone in a real 
bicone or it may not, and is called a mixed or a spacelike 
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triplane accordingly. The three directions ei, the perpen- 
dicular to 01 in the biplane ej2 and h are mutually perpen- 
dicular. In a mixed triplane by article 3,19 one only of 
these three perpendicular directions is timelike, so that 
^123123 is positive, and 

= nA'‘i23i23 

In a spacelike triplane, all three perpendicular directions are 
spacelike, ^123123 is negative, and 

“ ^123123 

7. The condition of a real intersection between 6123 and 

the tricone is the condition that (a p 123) should 

have zero values with .tr* finite. Thus we see that the con- 
dition that gafiX*^x^ should have zero values with finite is 
that ^123123 is positive. 

8. By expressing g^^ in the form we have (from 

article 5) for the size-number of the triped 



Cl • Cl 

Cl • C2 

Cl • C3 


€2 • Cl 

C2 • C2 

C2 • C3 


€3 • Ct 

C3 • C2 

^3*^3 

and as any three independent vectors 

can be chosen as the 

prime vectors the result holds for any vectors 1 m n, that is 

to say 

M 

U m 

1 • n 

Vlmn ~ 

m •! 

m • m 

m • n 


n*l 

n. m 

n • n 


9. Consider any vector 
X = x^a = 
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repetition of an affix directing bUinniatioii for the values 
123. The derived components are given by 

= X • Ca " 

From this we find 


and 

.t«e“ = iTv^'^e* = x'Cp = x 

Thus Xa are the ordinary comix)tients of vector x in a lattice 
of which e' e® e 3 are the prime vectors. Accordingly we 
call this the derived lattice of 6123. 

10 . Further 


e« . e» = 

so that the^*^^ have the appropriate meaning in the ilerived 
lattice; and 

= Jl^afX‘‘X°^ = Vx 


so that the size-number has the appropriate expre.ssion. 
Wo solve the three equations 

f = o .CioiT^ = ° 

fot iTcs .§"13 find 


so tliat 


^ir ^..2 ^,,3 

^ ^3 

^r 3 t ^33 


.To = 


?-33 




etc. 


where a /3 y and p o t are even permutations from 123. 

Thus everything is reciprocal between the original lattice 
6123 and the derived lattice e*® 3 . 

1 1. Exercise. — Under what circumstances do the prime 
vectors e' e® of the derived lattice of ei23 coincide with the 
two prime vectors of the derived lattice of 612 ? 
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CHAPTER 7 

THE DERIVED LATTICE IN THE FOURFOLD 

I. In the fourfold we take four vectors e® defined by 

ea 

in which are the constants defined in article 4,9 
Then. 

e“ . e;j = . Cp = = 8; 

SO that is normal to the triplane 6254 and of such size that 

• Ci is unity. And so for e® e 3 e 4 . 

Also 

e« . « r^Cp . 

2. Exercise. — In what circumstances do the three vectors 
e^ e® e 3 of the derived lattice of 61234 coincide with the three 
prime vectc^rs of the derived lattice of 6123 ? 

3. Taking the triped v ~ 616263 as the base of the tetra- 
ped /--= 61626364 we define the height to be the vector h 
which is normal to v, has its foot at 0 in v, and has its head 
in the triped obtained by a parallel shift ofv along 64; which 
triped we may call the top of the tetraped. 

We define the size <7/ and size-number Vfof the tetraped to 
be or^(7ji and where cr^ and are the sizes and 
size-numbers of the triped v and the height h. 

Since h and e 4 are both normal to the triplane 6123 we 
have 

h = Ae* 
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and since h is the orthogonal projection of 64 on 
I =*e4.e4-h.e4=Ae4.e4« 

Hence with the aid of the definition of ^44 given in article 
4,10 

Vh =: A=e4 . 04 « A2^44 = 1/^44 == ^/^t23T23 

and 

Vf == - ,^^123123/^^^331^23 *= .C 

4. Let k be the height of the vector area a - i CiCs when Ct 
is taken as base, and let 1 be the height of the vector volume 



V IS 010203 when vector area 0102 is taken as base. Then we 
have 

so that Vf = v^vyj^ = *'ei*^*1*'h 

Also k is normal to 01, 1 is normal to 012 and so to ©r 
and k, and h i? normal to ©123 and so to ©i k 1 . That 
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ec k 1 h form a set of rectangular vectors. Therefore one of 
them is timelike and the restspacelike, so that vjls negative, 
and 

5. If we express as €« • we have for the size-number 
of the tetraped 61626364 

''W3*4= ®**®3 e,.e4 

62 •61 62 • 62 62 *63 62 • 64 

63 •61 C3 • 62 63 *63 63 • 64 

64 • 61 64 • 62 64 • 63 64 • 64 

ami as we may take any four independent vectors as the 
prime vectors we have the result for the size-number of the 
tetraped of which 1 m n p are four concurrent edges 

Vimnp 1*1 1 • XXI 1 • n 1 • P 

m*l m*m m*n m«p 

n*l n«in n*n n*p 

p«l p«m p»n p«p 

6. In the particular case in which the biplanes Im np are 
at right angles, that is to say 1 m are both perpendicular to 
n and to p, we have 

. 1 • 1 1 • m o o 

^mnp = ^ m . 1 m . m O O == *1m ^np 

I o o n«nn*p 

I o o p.n p.p 

SO that also 

; VeV4 ^ ^•^^4 == ^^"^"^"-3434 

7. There, is complete reciprocity between the lattice system 
based on 62 63 64 and that based on e* e® e 3 64 . 
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In the former case we defined the components of a vector 
X by 

X = 

the size-number by 

f'x = 


and the constants by 

= 8? 

From them we defined e* by 

e* = 

and deduced 

X = jf.e“ 

•'* = 

We can begin with the lattice system e’^ e“ 03 0^, define 
the components of a vector by 

X = XaC^ 

and the size-number by 

V, = 

with defined by 

g^f^ = 82 

From these we change to the other lattice by the definitions 

=. iT^PXp 

ea = ^«pe" 

and deduce 

X == x*^a 

We thus have exactly the same equations, no matter from 
which end we begin. 
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CHAPTER 8 

INCLINATION BETWEEN TWO LINE VECTORS 

I. We take two vectors OL = 1 and OM “ m, and drop 
the perpendicular MQ from M on OL. We can use the 
ratios of the sizes or size-numbers of OQ QM OM to one 
another as measures of the inclination of the two vectors. 
We know from articles 4,4 and 5,7 that 

We adopt as one measure of the inclination vogIPm which 
we call the first inclination number and denote by 0^y and 
as another measure which we call the second inclina- 
tion number and denote by We have thus 

^ =■ 

2 . Each of the figures shows the intersection of contours 
+ I and - I by a biplane, the full curve belonging to 
contour + i and the dotted curve to contour - i. In each 
figure the vector 1 is given a fixed position ; figure A is a 
mixed biplane with 1 timelike, figure B a mixed biplane 
with 1 spacelike, and figure C a spacelike biplane. 

The head of vector m is to be thought of as traversing all 
the curves, and the values of ^ are shown gainst the 
curves for a number of positions of m. 

3 . As the inclination numbers depend only on the direc- 
tions of the vectors, there is no loss of generality in taking 
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unity as the size of both vectors. As any two conjugate 
diameters of the curves are at right angles in fourfold 
terminology and Euclidian perpendicularity does not enter 
in, there is no loss of generality in the use of the symmetrical 
form we have chosen for the position of vector 1. 

4. The results shown in the figures are summarized in the 


following table : 



Value 

Value 

Nature op 

Nature of 

OF 0101 

OF ^im 

Biplane Im 

Vectors I m 

+ 00 


mixed 

both timelike or both 
spacelike 

+ I 


.spacelike 

both spacelike 

0 


mixed 

one timelike and one 

— 00 

+ 00 J 


spacelike 


5. We note that in Euclidian space, and in a spacelike 
biplane of the fourfold, it is possible to speak of the angle 
a between the vectors 1 m which has trigonometrical ratios 
such that 

cos2 a =« ^in sin* a = (^im 

but that in other cases there is no real angle a that can 
satisfy these equations. 

We note also that 

^Im + = I 

always, no matter whether the inclination can be given by 
an angle or not. 

6. When one or both of the vectors 1 m approaches the 
tricone, the inclination numbers show peculiar properties. 

When one of them 1 only approaches the tricone tzfixa 
approaches 00 while vi remain finite, so that ap- 
proaches 00. When both approach the tricone the result 
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depends on the order of approach. If m remains at a finite 
distance till 1 is on the tricone, we have seen that ^ • 

If 1 m first coincide and then approach the tricone, ^Im keeps 
the constant value unity. 

We can also cause them to approach with any prescribed 
value for Suppose for example that the prescribed 

value is 2. OQ being the projection of 1 on m OMy we 



obtain the result by keeping OQ equal to 2OM during the 
approach. 

Intersection of a Biplane with the Contour Tricone 

7. Using the notation of chapter 3 we take in the biplane 
X ^ o y -= o a point U with coordinates oo!:L Through 
U we draw PUQ parallel to the^-axis to cut the tricone in 
P Q. If the coordinates of P are o y z ty those of Q are 
o -•y z ty and y is given by 

- ^2 == o 
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(jup ==* auQ 

Also 

Volt = ^ 

Hence if we take OV OU as axes and draw the genera- 
tors OP OQ in which the biplane OPQ cuts the tricone 




the generators will, in the Euclidian sense, be at right angles. 
And this is true however closely OPQ approaches the posi- 
tion of tangency to the tricone. 

When OPQ approaches the limiting position the two 
generators come in our picture very close together. This 
appearance is due to the inadequacy of our method of repre- 
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sentation. In our picture the size shown for OU is a quasi- 
Euclidian size whereas the true size is the much 

smaller quantity 

It is only in our Euclidian picture that the two geneiators 
are at right angles. In fourfold measure their first inclina- 
tion number is oo , while for fourfold perpendiculaiity it 
should be zero. 
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CHAPTER 9 

THE ADDITION OF PARALLEL VECTOR 
QUANTITIES 


I. To add two parallel line vectors we give one of them 
a parallel shift that brings it foot to head with the other. 
There are two cases according as the two vectors head the 

same way or different 



Figure for article g,i. 


ways ; in the figures PR 
is the sum of PQ and 

2. Let a b be two 
vector parallelograms, in 
the same or in parallel 
biplanes, which we wish 


to add. Let k 1 be the sides of a and r s those of b. 


Holding r still we slide the opposite side of b along its 
own line until s comes to the position t, parallel to 1. Then 
holding t still we slide the opposite side of the parallelogram 
along its own line until r comes to the position u parallel to 
k. We reduce t to the size of 1 and increase u in the pro- 


portion in which t was reduced. 

Taking account of aspect we write a = kl, and we put b 
equal to ut or to - ut according as b has the same aspect as 
a or the opposite aspect. In the former case we give b a 
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parallel shift that brings Q, the foot of u and t, to K, the 
head of k; and we have the parallelogram O.WL of 
figure B as the sum of a and b. 

If b = - ut we bring the head of u to A", and so have as 
the sum of a and b the parallelogram OXYL shown in 




Figure for article 9,2. 

figure c. We observe that if a and b have the same size 
and opposite aspects their sum is zero. 

3. We could also begin by transforming a to a rectangle. 
That being supposed done and the rest of the construction 
carried out as betore, the size of a is 

<7a = CF^l 

and the size of the sum of a and b is 
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4. If an area vector of irregular outline has to be added in 
we first divide it up into rectangles by two series of parallel 
lines, lying in the biplane of the area vector, and the size of 
the original area is the sum of the sizes of the rectangles. 

In particular if in a triangle OLM OL = 1 and OM = m, 
the size of the triangle is ^2 crim- 

5. Let V w be two tripeds in the same or in parallel 
triplanes, v having edges k 1 m with their feet at 0 and w 
having edges p q r with their feet at Q, 

Holding the base pq of w still we slide the opposite 
parallelogram face in its own plane to bring r to the position 
u parallel to m. Then holding pu still we bring q to the 
position t parallel to 1 by a similar motion, and then holding 
tu still we bring p to the position s parallel to k in the same 
way. 

We now multiply u by a to make it equal to m, multiply 
t by j8 to make it equal to 1, and divide s by aj8, so that the 
three operations leave the size of stu unchanged. 

Taking account of aspect we put v = klm, and w will be 
stu or - stu according as w looks the same way as v or the 
oppodte way. If they look the same way we bring 0 by a 
parallel shift to K the head of k, so that s comes to the 

position KZ in figure H. 

If V and w look opposite ways we use a parallel shift that 

brings s to the position ZK with its head at K, as in 
figure C. In particular if v and w have the same size but 
opposite aspects, their sum is zero. 

In each case if we denote OZ by z we have the triped 
zlm as the sum of v and w. 

6. We could have begun by transforming the triped v to 
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a brick, that is to a rectangular trilled. In such a case its 
size would be 

aa = 



Figure for article 9,5. 


and the size of the resulting brick 

oraOiCra 

7 . To deal with an irregular piece of a triplane, that is a 
volume vector of irregular boundary, we divide it into bricks 
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by three sets of parallel biplanes lying in the triplane of the 
volume vector. The size of the volume v'ector is the sum of 
the sizes of the constituent bricks 

In particular if k — OK 1 := OL m - OM are three 
edges of a tetrahedron, its size is 

one-sixth of the size of the triped with the same edges ; and 
the triangular prism with base OKL and height OM has 
size 

^/2 ^Irlm 

8. Exercise. — Consider the five-face of which ei e4 
are four edges. Take as its base the tetrahedron that has 
et e2 as edges. Let a triplane parallel to the tetra- 
hedron move along e4. Compare the tetrahedron in which 
it cuts the five-face with the base, and by integration show 
that the size of the five-face is one quarter of the size of 
the superprism generated by the parallel shift of the base 
along 64. 

9. Exercise. — Show that the five-face with ei e^ 63 e4 
for edges is V24 of the tetraped eie2e3e4. 

10. Exercise. — Show that the superprism generated by a 
parallel shift of a tetrahedron can be divided into four equal 
five-faces. 
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CHAPTER lo 

ENCLOSURES 

I. A ONEFOLD IS a line, and two points in it separate the 
stretch between them from the rest of the onefold, riius if 
we start from a point of the stretch and travel in cither 
direction along the onefold we come up against one of the 
points. The stretch is thus enclosed by a barrier consisting 
of the two points. 

If the line lies in a twofold and we are allowed free move- 
ment in the twofold, we can by stepping off the stretch come 
to any point of the line we please without meeting the 
barrier. 

2. In a biplane (which is a twofold) the closed line made 
up of the four sides of a rectangle cuts off the enclosed piece 
from the rest of the twofold. And .starting from a jx^int in 
the rectangle and travelling parallel to either pair of sides or 
in any route compounded of these two directions we come 
up against the barrier and cannot reach the remainder of the 
twofold. 

But if the biplane lies in a threefold in which we are free 
to move we can reach any point of the biplane without 
crossing the boundary ; we have only to go along the third 
dimension perpendicular to the rectangle. 

A closed line is thus a barrier in a twofold but not in a 
threefold. 
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3. In a triplane (which is a threefold) the six rectangle 
faces of a brick or rectangular triped separate a piece of the 
threefold from the rest. And starting from a point inside, in 
whatever direction we go, parallel to any of the three edge- 
directions, or in a direction compounded of these, we are 
always stopped by the barrier. 

But if the triplane lies in the fourfold and we are free to 
move in the fourfold, we need only set off at right angles 
to the triplane in order to reach any desired point of the 
triplane without meeting the barrier. 

Thus the bisurface of a brick is a barrier in a threefold but 
not in the fourfold. 

4. Thus in every case a barrier in any manifold has one 
dimension less than the manifold. In a manifold with two 
dimensions more than the barrier it ceases to be a barrier. 
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CHAPTER II 


GENERAL ADDITION OF VECTOR QUANTITIES 

I. We have had a case of the general addition of line 
vectors in the relation 

X = X^ei + + ^‘303 + 0:404 

between a vector line and its components. The principle 
may be stated in the form : Anj* two routes from one point to 
another are vectorially equal ; or in the form : The vector sum 
of a closed circuit, considered as composed of vector elements all 
heading the same way round the circuit, is .zero. 

The definition that governs the addition of area vectors 
may be stated in the form : The vector sum of a closed hi- 
surface, considered as made up of elements of area all facing 
inwards, is zero ; or in the form : Two bisurfaces, hounded 
hy the same closed circuit, and looking the same way through 
the circuit, are vectorially equal. 

The definition of the addition of volume vectors may be 
stated in the form : The vector sum of a closed trisurface, con- 
sidered as made up of elementary volume vectors all facing in- 
wards, is zero ; or in the form : Tivo trisurfaces, hounded hy 
the same closed bisurface, and looking the same way through 
it, are vectorially equal. 

2. Consider the circuit composed of a vector 1 and its four 
components. Fill in the circuit with a film or piece of bi- 
surface which we will call B, Now give the film a parallel 
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shift along a vector m. It generates a piece of trisurface T 
bounded by a closed bisurface made up of ^ parts. Two of 
these are the film B in its initial and final positions, say Bx 
the floor and B^ the roof. The walls, the other 5 parts, are 




Figure for article ii,2. 


the parallelograms generated by 1 and its four components. 

The floor and the roof face one another, and corresponding 
elements are congruent and parallel, so that the vector sum 
of Bx and is zero. 
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The elements of the circuit all taken the same way round, 
are 

/*ei /4€4 - 1 

so that the parallelograms they generate, taken with outward 
aspect, may be named 

/*eim ^ain l^^tn /•♦e4m ~ Im 

Since the sum of the whole boundary is zero, and also /y\ h- 
B2 = o, it follows that the sum of these five quantities is zero ; 
that is to say 

Im = Beita + /^Cain + + /•♦e 4 m 

3. Exercise. — Show that the film or bisurface which is to 
fill in the closed circuits in article 2 can be made up of a 
number of plane triangles. 

4. We now give a parallel shift along a vector n to the 
piece of trisurface T. This generates a piece of fourfold /\ 
whose boundary is made up of pieces of trisurface. Two of 
these are 7 \ Tq the initial and final positions of 7 ’ ; these we 
may call the (three-dimensional) floor and roof. The walls 
are the pieces of trisurface generated by the bisurface 
boundary of T, that is by the films Jy\ />2 and the five 
parallelograms. 

The sum of the floor and roof is zero, since corresixmding 
elements are congruent, parallel, and face different ways. 

Take corresponding elements of /A and 1 hey are 

congruent, parallel, and face opposite ways. The two 
tripeds generated by the shift along n face opposite ways, 
and their sum is zero. Hence the sum of fA and fA the 
pieces of trisurface generated by Bi B2 is zero. 

The five parallelograms generate the five tripeds 

/^Cimn /^Cainn /3e3mn /4e4mn - Imn 
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all facing inwards or all outwards. Since the sum of the 
complete trisurface boundary of F is zero, and the sum of 
7 \ and 7 \ is zero, and the sum of Ut is zero, it follows 

that the sum of the five tripeds is zero ; that is to say 

Imn = /‘eimn + /^Cainn + /3e3mn + /4e4mn 

5. We now give to the trisurface boundary of F a shift 

along a vector p. The boundary will take in as much new 
fourfold in front of it as it drops out behind. And we can 
measure these pieces of fourfold as the figures generated by 
Tx Ux U2 and the five tripeds. 

Two corresponding elements of Ti T2, are congruent, 
parallel, and face op{X)site ways, so that if the shift is in the 
direction of the positive face for one, it is away from the 
positive face for the other, and the sum of the two elements 
of fourfold is zero. Hence the sum of the pieces of fourfold 
generated by 7 \ 7 \ is zero. 

And the same reasoning and result holds for Ux 

Hence the sum of the five tetrapeds generated by the five 
tripeds is zero. I'hat is to say 

Imnp = /'eimnp + /^Camnp + /^e^mnp + 

6. Next we consider 

/'eim /*eimn /^Cimnp 

and by similar procedure starting from the circuit formed by 
m and its components, we obtain expressions for these 
quantities in terms of such quantities as 

/‘Ci/z/^eaii /‘CiW^Canp 

7. We proceed similarly from the corresponding circuits 
for n and p and ultimately arrive at expressions in terms of 
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the components of all four vectors, and thus prove that in 
the expressions 

Im Imn Imnp 

it is legitimate to replace each vector by the sum of its com- 
I)onents and multiply out as in elementary algebra, except 
tliat we maintain the order of the vectors Ci tj e, €4. 

8. We may also use the derived lattice e ’''^34 in place of the 
original lattice and so obtain corresponding expressions. 

9. Exercise. — Evaluate eie2e*^ and hence show that 

^1312 = 

10. Exercise. — Evaluate eie2e®e^ and show that 

where a y 8 are an even permutation from 1234. 


The Pointer of a Triped 

1 1. For the closer study of the aspect of a triped v klm 
we shall associate the normal from the tri plane on one side 
with the aspect of klm ^ Imk ^ mkl, and the normal on 
the other side with the aspect of mlk - 1km kml. 

Thus in the e lattice the triped klm can be written* 
aiul the normal which we associate with it isf 

p -- - g 


* By article 7 we obtain the value of klm by multiplying out 
(k^ei + A^e2 + + ^^4)(/*ex + /*ea + /3e3 -h /4c4)(w*ei f w*e2 + m + w<e4). 

Taking account of the fact that CaCx = - CxCa we find for the coefficient of 


616163 


m« I 

*» J* »i* i 

/3 i«3 1 


which we write shortly as and so for the other three terms. The factor 

*/5 enters into the expression because we can make a fi y equal to 
I 2 3 in six ways, 

t The perpendicularity of p to klm is shown by calculating p • k p • 1 
p • m. 
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This normal p and its triped kim are unaltered by cyclical 
change of k 1 m, while the triped - v ~ mlk and its associ- 
ated normal 

- p = (/w7ife432e^ + 

are also unaltered by cyclical interchange of k 1 m. 

The normal associated with a triped we also call the 
ix)inter of the triped or of the triplane. 

1 2. The |X)inter of klm may also be written as 

p = - g= >64 

^ /3 /4 

in^ 

e® e3 e4 

If we express the original coordinates in terms of the derived 
coordinates this expression becomes 

IT Khmyt,J^g 

jriP g3fi 

giy g^ g-jf g^y 

i_g..a ^ ^3» 

The determinant has the value i jg when o ]8 y S is an 
even permutation, - ifg for an odd permutation, and zero if 
any two of o )3 y 8 are equal. So that for p we have 

p = - g =. - klmeisulij - g 

Ci 

or written out in full 

p = - + klmy^x^2. + - g, 

1 3. The expressions for p in terms of e* and of Ca give * 

p*p =» - v.v 



* This involves a property that is proved later (in article 12,8) namely : 
V • V ~ + klm^'^^klmzn + 
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so that a spacelike triped has a timelike pnnter. and a mixed 
triped has a spacelike pointer. Of the two size-numbers one 
is positive and one is negative, but the sizes of trijied and 
pointer are the same. 

14. By putting ei €3 for k 1 m we find 

for the pointer of 6123, and by putting e* for k 1 

m we find - €4/^ - for the jjointer of e****^. And in 
general tripeds tapy have j)(')inters - .V* 

- ea/V- / where a j8 y S are an even permutation. 

15. We now use a supercubical lattice with 64 as time 



vector, that is to say one in which ,^44 is i, ^22 ^.13 have 
the value ~ i, and the cross constants vanish. In this 
lattice 

e 4 = 04 e* == - Ci == - 62 e 3 = - e3 ^ - i 

Figure A shows a circuit in the biplane e3e4. W^e supjx)se 
it to be described in the direction of the curved arrow, and 
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we suppose the vector k to be an element of the circuit. 
Thus k has the form ^363 + 

Consider the triped eTe2k, that is to say the triped of 
which three ed^jes are k and parallels to Ci 62 drawn through 
the foot of k. If we take such a triped for every element k of 
the circuit, they form a trisurface which we may call cylin- 
drical. The figure is the intersection of this trisurface by 
6364. The trisurface surrounds and partially encloses a piece 
of fourfold. 

1 6. The triped eie2k is >t3eie2e3 - ^’4e2eie4 and its pointer 



is X.’ 3 e 4 - >t 4 e 3 or >i'3e4 + X’4e3. The figure shows the direc- 
tion of the pointer at various jx)ints of the circuit. 

Figure u is the corresponding figure for the intersection 
of e3e4(X’*ei + by the biplane 0162. 

We observe that in these cases all timelike pointers head 
inwards and all spacelike pointers outwards, and that foi 
any trisurface enclosing a piece of fourfold if we pass con- 
tinuously from element to clement of the trisurface we shal 
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find spacelike and timelike pointers heading different 
ways. 

17. Thus in the figures we pass from the sixicelike piece 
of trisurface eie2k with a timelike jx:)inter p heading inwards 
to the piece eie2l. If as in figure A this piece is also space- 



Figure a for article 11,17. 

like its [pointer q is timelike and heads inwards, but if as in 
figure B CiCal is of mixed charficter and has a s[)acelike 
pointer q, then q heads outwards. 



Figure B for article 11,17. 

18. We have hitherto s|X)ken of the elements of the 
boundary of an enclosure as facing inwards on the enclosed 
region. It apj^ears now that we must correct that form of 
speech. If the timelike pointers head inwards the spacelike 
ones head outwards. To say this every time how^ever would 
be tedious, and we shall continue to sjxjak of boundaries 
“facing inwards’’ or as being of “inward aspect,” with 
the convention that we thereby mean that timelike pointers 
head inwards and others outwards. 
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19. We consider the passage from one prime triped to 
another at the origin, say from eie2e3 to e4e2e3. In this case 
it is - Ct which passes continuously into 64. To the former 
piece of trisurface we give the name Ci). This is 

the same as €16263 and has timelike pointer 64 or 64, and 
faces inwards on the tetraped 61234. 

- 61) passes into 636264 or 646362 which has pointer 
6^ or - 61, a spacelike pointer heading outwards as it ought. 



Figure for article 11,19. 


20. In the same way ete3( - 62) passes into 616364 with 
outward pointer e* or - 62, and e2ei( - 63) passes into 
626164 with outward pointer 63 or - 63. Thus appropriate 
names for the prime tripeds considered as boundaries of the 
tetraped 61234 

6123 6432 6341 6214 

and the appropriate aspects for the four parallel boundaries 
of the tetraped are given by 

- 6123 “ ®432 “ 

21. In the preceding articles we have used a supercubical 
lattice in order to bring out the facts about the aspect of the 
bounding trisurface. The principle of . continuous passage 
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from one piece of bounding trisurface to the next is in- 
dependent of that lattice, and the names given in article 20 
to the eight trisurface boundaries of the prime tetraped are 
valid in all lattices. 

22. In any e-lattice let four vectors k k + p k + q 
k + r be drawn parallel to €4 from the origin and from the 
heads of Ci Ca 63. Let vectors x y z join the heads of 



Figure for article 1 1,22. 


these four vectors in such a way that x y z project into 
Cl 62 €3. We consider the piece of fourfold generated by 
the triped xyz in its descent to coincidence with 616263, and 
we discuss its trisurface boundary. 

23. One trisurface wall T is the figure generated by the 
descent of the parallelc^atn yz to coincidence with 6263. 
This wall has the orientation and aspect of 636264 but differs 
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in size. As to size 03 62 give its extent in two directions 
while the edges in the third direction parallel to €4 are 

k k+q k+r k+q+r 

The average of these is k + (q + r)/2 and the wall T is 
equal to the triped 

e3e2jk + (q + r)/2} 

in size orientation and aspect. 

24. The wall U parallel to T is generated by the descent 

to the triplane er23 parallelogram face of xyz which is 

opposite to yz. The projectors of the four corners are there- 
fore greater by p than those of the corners of yz ; they are 

k+p k+q+p k+r+p k+q+r+p 

and the wall U whose aspect is ~ 630264 is equal in size 
orientation and aspect to the triped 

- e3e2{k + (q + r)/2 + p} 

25. Hence the vector sum of the walls 7 " C/ is 

~ e3e2P 

and we find a similar expression from each of the other two 
pairs of parallel walls. In addition we have 010203 which 
we may call the floor, and - xyz the roof. Equation of 
the whole boundary to zero gives 

610263 - xyz - 6362P - 6i63q - 626ir = o 

26. Since two tripeds on the same base and between the 
same parallel biplanes are equal, we may write zyp for e3e2p. 
And we can identify any lour vectors we please with the 
prime vectors e«. So we may state the result as follows : — 

Let xyz be any triped, let the projections of x y z 
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on a vector n be p q r, and let stu be the projection of 
xyz on a triplane normal to n ; then 

stu * xyz - p3rz - xqz - xyr 

27. By the definition in article i two pieces of trisurface 
T'l 7^2 which are bounded by the same closed bisurface /> 
and face the same way are vectorially equal. 

We take the closed bisurface /> as made up of the six 
parallelogram boundaries of the triped klu shown in the 
figure. As Z*!, one piece of trisurface bounded by it, we take 
the triped klu itself. 



As |the other piece ; ,we !take a figure made up of six 
parts each part standing on one of the six parallelograms of 
B, One of these is the triangular slab Pj which has as base 
the triangle enclosed by u v w and as height k, and which 
stands on' the parallelogram ku. Another P2 is a triangular 
slab congruent to Zt, it is shifted along vector 1, and 
stands on the parallelogram face opposite to ku. 

A third triangular slab Qi has edges u v w 1 and 
stands on the parallelogram lu ; and a fourth Q2 congruent to 
it stands on the parallelogram opposite to lu. 
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We complete the trisurface T^hy the two tripeds klv pqw 
which stand on the remaining two parallelograms and join up 
the four triangular slabs. 

28. The two slabs A Pa are congruent and have the 




ADDITION OF VECTOR QUANTITIES [11,29 

way as we have therefore the expression klv + pqw or 
klv + klw. Hence by equating T2, and Ti 

klu - klv + klw 

which equation expresses one triped in terms of two com- 
ponent tripeds. 

This is of course a particular case of article 4, and could 
also be derived from the equality of two tripeds on the same 
base and between the same parallel biplanes. 

29. Again let us start with the triped stu in figure A. 
We take a vector p parallel to a given vector n, and take 
X equal to s + p. Article 28 tells us that triped xtu ii 
equal to the sum of stu and ptu. 

We now in figure B take the triped xtu, take q parallel tc 
n, and make y = t + q. Then triped xyu is the sum o' 
xtu and xqu. 

Now in figure C we take the triped X3ru, and add to u £ 
a vector r parallel to n, giving z = u + r. Then tripec 
xyz is the sum of xyu and xyr. 

Thus we have 

xyz — xyr + xqu + ptu + stu 

We note that, tripeds on the same base and between the sam< 
parallels being equal, xqu is equal to xqz and ptu is cqua 
to pyz, and that stu is the projection of xyz parallel to n 
Thus our result is equivalent to that of article 26. 


6 
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EXPRESSIONS FOR CERTAIN OUTER AND 
INNER PRODUCTS 

I . Consider the vector parallelogram * Im = We 

expand this expression in accordance with article ii,7, re- 
membering that e^Ca = - and obtain 

Im == - lVn^)ti 2 + {l^m^ - - /4;«^)ei4 

+ - /3^;/2)ea3 + (/3;;/4 - /4^;^3)e34 + {l^m^ - /®;;/4)e42 

We denote Im by a, by and by and 

Ijn^ - l^nta by Inia^ and by Our expression becomes 

a = Im = =* 

the factor */a entering because, for example, a^®ei 2 is given 
by a = 2 j8 ~ I as well as by a ^ i jS = 2. 

The expression similarly obtained from the derived lattice 
e^®34 is a = Im == 

2. More concisely we could obtain the result of article i 
as follows : a has the value or by interchanging a 

and j8 Adding these we have 

2a = 

or a = = Va^Caij 

* The vector parallelogram Im is called the outer product of the line 
vectors 1 m, the vector triped Imn is the outer product of 1 m n, and 
the tetraped Imnp the outer product of 1 m n p. 
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3. We have thus found twelve parallelograms lying 
parallel to the six prime biplanes Co/j which are together 
vectorially equal to the original parallelogram a. Taking 
them in pairs we call them the six components 

0:^3013 a ^^ t 2 ^^23 ^^^634 

of a. 

The procedure in chapter 1 1 was to replace the original 
parallelogram by four others together with two films that 
cancelled one another, and then to replace each of the four 
by three others (or four others one of which was zero) 
together with a pair of mutually cancelling films. Thus we 
finished with a bisurface having the same boundary line as a 
and consisting of the 12 parallelograms together with a 
number of mutually cancelling films. 

4. Although it took eight components to fix the two 
vectors 1 m there are only six components of the area vector 
a == Im, and as we shall show any one of these six can be 
expressed in terms of the other five 

The determinant /“ 

nC* 

A A 

;;/* vfi 7ny ;;/* 
vanishes, and by appropriate expansion of it we find 

== o 
or 

This is true for all values of a jS y 8, and when they are 
all different it is 
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5. Exercise. — Having given six quantities for which 

and ?= O, show that two 

vectors 1 m can be found such that =» that is to 
say an area vector exists of which are the components. 

6. For the size-number of a we had in article 5,7 the 


expression 

We had also 
so that 


1^ = !•! l»in 

m*l m*m 

1 . 1 = /Va 1 . m = 

1^ - /*4 


the affixes a jS being used in such a way that each occurs 
twice and not four times in any term. 

We have 

vim = 

and by interchanging a and j 3 

- 4 wa) 

and by adding these two equations 

vim = - V;/a) 

or v, = 

The notation a • a is also used for the size-number of a. 

7. We denote the vector triped Imn by v, the determinant 

/y 

w* viy 

tC* 

by Imn^ and by with the same notation for lower 
affixes. We have 

V = 
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where the right side is the product of three factors each 
of which has four terms, and by article 11,7 multiplication is 
to proceed as in elementary algebra except that 

and that ea^p^y vanishes if two affixes are equal. We can 
therefore write 

and so for each of the six forms obtained by permuting 
a j8 y. Then by addition of the six 

6v = fi h CaC^Cy 

or if we write Capy to denote 

V = V6^e,0y 

The corresponding expression starting from lattice is 

V = ^levapye^ 


8. Eor the size-number Vy which we also denote by v • v 
we use the expression of article 6,8 and have 



1.1 

l.m 

l.n 



/“///« 


11 

< 

• 

< 

11 

m.l 

m.m 

m.n 




/«% 


n.l 

n.m 

n.n 1 

j 

n^ly 

n^niy 

ti^n^ 


= Hn^}t*li}in^Qy 

We obtain five other expressions by permuting a j8 y in 
all possible ways, add the results, and so have 


= v#v =* = V6^^a^y 
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9. We denote the tetraped Imnp by /, the determinant 
A A 

»/* tti* itf 

rfi 

r f 

by Imnp'^ and by /*^, with the correspondit^ notation in 
lower affixes, and have from the expression in article 11,7 

/= Imnp = 

Now e,3yj =s e.e^et is finite only when a ]8 y 8 are all 
different. So we evaluate the expression for f by giving 
a j8 y 8 the 24 permutations of i 234, and obtain * 
/= /* ^ /3 /4 

nt^ w3 in^ 

;/4 

/I /2 y)3 ^ 

The corresponding expression in the derived lattice is 
/ = - /1234/v^ - 

To show up the completeness of the symmetry we write 
^12341234 for the ^a/i-determinant and ^”341234 for the ^-deter- 
minant and have 


10. The expression in article 7,5 for the size-number of / 
gives 


v/ = 

1.1 l.m l.n l.p 


4 «. A 


m.l m.m m.n m.p 


/(5 in^ ftp A 


n.l n.m n.n n.p 


ly niy fly Py 


p.l p.m p.n p.p 


h »h «« A 


See Appendix on page 165. 
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form 24 different expressions from the 24 permutations 
Df a jS y 8, and add, and have 

241^/ = Imnp^lmnp^i = /“^*/aflv6 

The only finite terms are those for which a jS y 8 are different, 
they are given by the 24 permutations of i 2 3 4, and each 
is /“3t^ia34, so that 

>'/=/"34/x.34 

an expression which we could have obtained directly by 
multiplying together the two expressions for f given in the 
preceding article. 

11. Exercise. — Of the four vectors that determine a 
tetraped f let the first two determine the vector area a and 
the other two the vector area b. Show that 

12. Exercise. — Find the size of eieaese^ by expressing it 
in terms of ea and also by expressing it in terms of e* and 
so show that ^1212 = ^^434, 

More generally by calculating e^e^e^es show that 

where a j 3 y 8 and k X v are even permutations from 
1234. 

1 3. Exercise. — Show that ^2 ^gi2a$gpays^ summation being 

for a j8 y 8 which are to have as values the twelve even 
permutations of i 2 3 4, is equal to^ when p = 3 (7 = 4, 
equal to - ^ when p=» 4 3, and equal to zero in other 

cases. 

r s u V being such vectors that rsa^ ^ s/ " g where 
a j8 y 8 is an even permutation from 1234, show that 
= - uVyijjJ - g, a jS y 8 as before. 
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THK TENSOR OPERATOR 

I. Let ( 9 /^ be a vector joining neighbouring points O P oi 
an elastic solid in Euclidian space. As the result of distor- 
tion of the solid let O come to and P to P^. Let the 
distorted solid be given a parallel shift that brings back 
to 0, An appropriate way to describe the change of con- 
figuration of the solid in the neighbourhood of O is by means 

> 

of an operator which expresses the totality of vectors O^P^ 

in terms of the totality OP, This operator effects a stretch- 
ing and is consequently given the Latin name for stretcher, 
namely ‘‘tensor.** From this meaning the term tensor is 
extended to mean an operator in any manifold which effects 
a linear transformation on the totality of line vectors at a 
point. 

2 . A tensor operator is represented in the form 
kl + mn + . . . 

as the sum of a number of terms each of which contains a 
pair of line vectors. We use black capital letters to denote 
tensors ; let us call this one A. Its method of operation on 
a vector x is shown in the equation 

y == A • X == k(l . x) + m(ii . x) + . . . 

that is to say the rearward vector of each pair links up with 
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X in an inner product, the forward vectgr remaining free. 
In more concise notation we also wiite 

y == A, == ktjuix + + • • • 

This is A’s backhand stroke. He has also a forehand 
stroke whose effect is defined by 

z = X . A = mjdjl + cTmin + . . . 

3. The vector 

Ik + nm + ... 

in which each pair of vectors have changed places, is called 
the conjugate of A and is denoted by A. A*s forehand and 
backhand strokes have the same effect as A^s backhand and 
forehand strokes, or in symbols 

*A*x«x.A x*A«A.x 

4. Two tensors may be linked together to form another. 
Thus if B = rs + tu + . . . , the operator which we call 
the product of A and B and write as A • B is defined by 

A . B =» kwijS + knjitU + mmj^ + mrfTntU + . . . 

There are the same number of terms in A • Bas if the multi- 
plication was in elementary algebra ; each pair of vectors that 
come into contact in the expansion link up into an inner pro- 
duct while the other two vectors remain free to act. At times 
we write AB without the dot instead of A • B. 

5. Hxercise. — Show that to multiply A and B together 
and operate on x with the product gives the same result as 
if B produced y by operating on x and then A operated on y; 
that is to say show that 

AB . X = A . B, 
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6 . Suppose A produces y by operating on x and then we 
form the inner product y • u. 

y . U == A, • U = + • . . 

If A’s forehand operating on u gives z and we then form 
the product z • x we have the same result, and 

Ax . u =» ^A . X 

so that both of them may be written u • A • x or „Ax in which 
the orddr of the two operations is left undetermined. 

7. We give each vector in the expression for A in terms 
of its components in the e* lattice, and multiply out, taking 
care to preserve the order between prime vectors. We thus 
obtain 

A = 

+ a ^^ C 2 ei + ^“6262 + + ^246264 

+ a^^e^ei + a32e3e2 + 

+ rt4'e4ei 4* <2:420462 + rt:43e4e3 + <^44e4e4 

in which 

4. . _ ^j^/p 

That we are at liberty to multiply out in this way is shown 
by the fact that the new expression has exactly the same 
effect as the old one when it operates on a vector. 

We have thus an expression for A which contains 16 in- 
dependent constants a^. The terms 6162 and 6261 of a tensor 
have quite different effects since 6162 throws any vector it 
operates on along Ci while the other throws vectors along 62. 

8. Exercise.— Calculate the effect of operator A in the 
form given in article 7 upon x, and show that the result is 
the same as if A was used in the form of article 2. 

9. We can also express the tensor operator in terms of the 
e*-lattice, and we can express the forward vectors in one 

90 



THE TENSOR OPERATOR [13,11 

lattice and the rearward vectors in the other. We have thus 
the four expressions 

A = 

where the zero is introduced into o'/ and a^p as a buffer to 
hold the j8 away and so distinguish these quantities from 
and a^, 

10. The values of the coefficients are given by 

af « a% = tMp = :LkJp 

From these by use of the expressions that give the derived 
components of k 1 ... in terms of the original components 
and vice versa we obtain 

and 

Thus of the four sets of the quantities any three sets can be 
expressed in terms of the fourth. 

1 1. The effect of operator 

I rs e*ea e'Ci + e^Ca + e3e3 + 6^64 

is shown by 

I . X « e“4r« == X 

X • I = = X 

that is both its forehand and backhand strokes leave the 
vector X unaltered. This operator is called the identit) 
operator. 
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1 2 . Consider the tensor operator A = kl - Ik, and 
suppose that it produces y by operating on a vector x. 
Since 

y = A . X « koTix - IcTkx 
y lies in the biplane a = kl. Also since 

y . X = = o 

X and y are at right angles. 

Thus the effect of the operation of A is, apart from any 
effect it may have on size, to turn the vector through a right 
angle into the biplane a. 



Figure for article 13,12. 

If A now operates on y, it rotates y through a right angle 
in the biplane a to the position z, which is in line with the 
projection s of x on the biplane. We note that our whole 
figure lies in a triplane, namely that containing k 1 x. 
Before using this property to calculate the projection S we 
must consider the properties of A. 

1 3. We express k 1 in terms of their components, and so 
have for A the expressions etc., where Uap are 

kiafi the components of the vector parallelogram a in 
the prime biplanes of the e„ and e" lattices. The quantities 
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and of which are k'/p - /“X’3 ami we may 

call mixed components. 

The operator P == A • A has the value 


p = 

so that 

yV' = 

14. The conjugate tensor A is found from A by inter- 
changing e« and e^j, that is 


A = rt^e^e. 

Now since are the comix>nents of the vector 

area a, so that 

A = - a^e^e, =. - A 

and for all vectors 

x.A = - A.x 


The tensor P being a“<r„(je«e^ its conjugate is 

P = 

or by raising and lowering all the affixes 

P = 

= = P 

so that P is self-conjugate, and for every vector x satisfies 
the equation 

x.P = P.x 

15. Also 

A • A • A = P . A = • ««8e*e^ 
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By interchange of m a and addition this becomes 

or by article 12,4 
which is 


whence also 


- vj\ 


P«P = P*A«A = ~ vj\, • A = - VjP 

16. A tensor operator for which 

is also called a symmetrical operator, and one for which 
is called skewsymmetrical. 

17. Exercise. — Show that if A = ^^^‘^epe, is a skew- 

symmetrical operator and + ^31^224 ^ ^212^34 = o, the 

operator can be expressed in terms of two line vectors 1 m 
in the form A « Im - ml. 


Projection of one Line Vector on another. 

1 8. Let r s be the projection and the projector of the 
vector X on the vector k. We put r == ick, and the 
relation r • r = r • x gives x^k • k =» ick • x and 
r = 

We take the operator Q = kk/j^ and have 

r = Q. X 

so that operator Q converts x into its projection. 

And since s =* x — r the operator I — Q converts x into 
its projector, I being the identity operator. 
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CHAPTER 14 

PROJECTION OF ONE AREA VECTOR ON 
ANOTHER 

I. We consider the projection of a line vector x on a vector 
parallelogram a ski. We denote the projection of x by s, 
and denote by p the projector, that is the vector which runs 
from the head of s to the head of x. 



We use 

to denote the operator ki - Ik 

C = c^e.efl „ „ A. A 

D = rf“^.e,j „ „ C + 

2. When A operates on x the resultant is 

A . X = (kl - Ik) . X = kroi, - ItOk* 
and the inner product of the resultant and x is 
X • A • X = OTtoWu - Wl*OTioi = o 
Thus the effect of operator A is to throw x into the biplane 
a in a position at right angles to x. Hence if we operate 
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a second time with A we get a vector lying in a and at right 
angles to A. x, that is to say a vector which lies in the same 
line as s, the projection of x. 

3. We use z to denote the vector C . x s A . A • x which 
lies alot^j s. We have nf)w with the help of article 13,15 

z.z=-x.C.C.x = x.( - v,C) .X v,x . z = - v»s . z 

so that 

S z/v, = ( - C/v,) . X 

and the operator - C/i^a converts x into its projection. 

4. The projector p is ecjual to 

X - S -(C/Va + I) . X = (D/l^a) • X 
SO that the operator D/j^a converts x into its projector. 

5. Now let the vector parallelogram b == xy project into 
st, X projecting to s and y to t. We have 

- VaS == C • X « - Vat = V* 

so that 

VaSt = 

Interchange of a j 3 with 0 6 and addition gives for the 
right side 

Va 

From this the interchange of jS with ^ and addition gives 
V4 ^ ^ 

i 

6 . Now this determinant has the value 

P <r 

9 9 

= O" I 

a*** fl*" I 

or by article 1 2,4 

9 ^ 
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Hence 

vlst =» 

or by raising and lowering certain affixes 

7 . The interchange of j3 with <f> and addition gives for the 
coefficient of a 

•/4 a<^ ai^ 

= t-.TOrt 

where means 7 ^ 

Hence v^st =* 

We observe that St and a face the same way if and nxab 
are both positive or both negative, and face opix)sitc ways if 
one is positive and one negative. 

8 . We have also 

the + or - to be used according as have the same 

or opposite signs, and 

<7,0,1 « ± UTab 

the + or - to be used according as 07ab |x>sitivc or nega- 
tive ; and (clear of ambiguous signs) 

== roSb 

The symmetry of the results shows that the product of the 
size of b and the size of the projection of a on b is ec|ual to 
the product of the size of a and the size of the projection of 
b on a 

The quantity is called the inner product of the two 
vector areas a b. It is also written in the form a • b. 
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9. Exercise. — How are two area vectors a b related 
to one another when ~ o ? 

10. Exercise. — Show that if a is an area vector 

and that the projection of a on e^ is so that 

besides being the components in the e“ lattice, are (except 
for constant scalar multipliers like ^1212) the orthogonal pro- 
jections in the e« lattice. 

11. Exercise. — Join the heads of the vectors x y s t 
of article 5 by straight lines, and fill in the quadrilateral so 
formed by a film made up of two plane triangles. The four 
triangles that stand on the four sides of the quadrilateral and 
have the origin for vertex, together with the film, form a 
closed bisurface. Express the six area vectors that form 
this bisurface looking inwards, in terms of x y s t, and 
verify that their sum is zero. 

1 2. Exercise. — Show that ea3 • e^a = and that 

ei2 • e^®^ is equal to i if p - i cr = 2, equal to - I if 
p =* 2 <7=1, and is zero for all other values of p a. 
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CHAPTER 15 

PROJECTION OF ONE VOLUME VECTOR ON 
ANOTHER 

I. Let a line vector x project on the triplanc normal to 
line vector n. Let its projection be S and its projector be p, 
so that X =. s + p. 

We denote the tensor operator nn by N, and the o|x;rator 
Vnl - N by C. We note that N • N is ec]ual to n(n • n)n 
or v„N. 

If we put z = N • X = nm,a we have 
Z.Z.= X«N«N«X=.X. VnN . X = VbX . z = VbP • z 
so that 

Vap = z = N • X 

and the operator N/v, converts x into its projector p. 

2. We have also 

s = X - P = (I - N/Va) . X = (C/»’a) • X 

so that the operator C/va converts x into its projection s. 

3. Let area vector a l- xy be projected on the triplanc 
normal to n, x having projector p and projection s, y having 
projector q and projection t. Let A' V S T denote the 
heads of the vectors x y s t s and t are given by 

VaS = C . X = VaX - nm„ 

Pat = C • y =t Pay - 
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Hence vector area St is given by 

- nn^) 

= v2*y - VaXnnTa, - nyvnajm 

VnSt = VnXy - xnnTn, + ynt!7„ 

We denote operator xy - 3rx by A Then 
A . n = xOTya - yWxB 


O 


Figure 'for article 15,3. 

and we have 

i/^st = i^nxy - A^n 
or xy = St + AnH/vn 

4. Our whole figure lies in a triplane, namely that deter- 
mined by the vectors x y n. Hence the two biplanes 
xy st meet in a line. 

Through vector p we draw a biplane parallel to vector y. 
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Let it cut the line of intersection ot xy st in //, and let the 
vector OH be called h. 

Consider now the triangular prism of which the vectors 
y t q form one end and h the height. The paralleK>grain 
faces taken as looking inward have a zero \ ector sum, and 
are 

- hy ht hq 

Since the parallelogram hy has the same size-number, 
orientation, and aspect as xy we may write the operator A 
in the form 

A = hy - yh 

which gives 

A •11=* htj/yn yc7 hp 

Also 

= N • y == 

SO that 

hq =- Anll/Vn 

Parallelogram hy is vectorially ecjual to xy, and parellelo- 
gram ht to st. Thus the vanishing of the vector sum 
- hy + ht + hq is a way of stating that 

- xy + st + Anti/vn = o 

and the equation of article 3 has been proved geometrically. 

5. Let a triped xyz project into a triplane periJendicular 
to the vector k, s t U being the projections of x y 2. 
The equation of article 2 gives 

i^stu = (v^jX - tKTtakXi^ ~ tnffcykXvitZ - tuinik; 
Expanding we have, since kk = o, 

i^tu = i^yz - tzTkikyz - m^Ykz - mjaxyk 
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For the first term on the right we put Then 

adding the six quantities found by permuting a /3 y we find 
as its value Similarly for the other terms 

we have 

- tn^BiIcy* = - 

- lUkyXkz = - = - '/6y‘xks^kjSa^ 

- Wte*yk = - kjt.^x^yfik'* = - 

Now kx}/s^ = k^xy:f^ - x^ky^ + y“kx^ - s^^y^ 
so that 

vkStu = ^lekxy^k^e,^ 

6. Consider the terms of this expression in 6254 . As the 
determinant is finite only when a j 8 y w are all different, &> 
must be I. We give jS y co the six permutations of 
234 , and so have 

kxys^^kie2yi 

Hence 

(^k'ki + k^ka + k^k^ + ^/fe4)stu 

= kxys^^i*(_kiC,n + /fr2e.43 + ,^304, a + X’4e3,i). 

7 . Let a volume vector normal to k be 

V s ‘/e = Ve 

Then by articles ii,ii and 11,12 

k^l^an = X^/t'i43 “■ k^l^^ja = k^jv^tt 
kill^ = kalv^3 = kslv*'’^ = k^v3>^ 

The equation of article 6 being linear in k* and also in k„ 
we may replace them by the corresponding v-expressions. 
We also write = w = The 

determinant ^^>*34 is thus replaced by 

Vantt/^3* + + OjnWSaJ 
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which we denote by 

v*w or 

and the equation becomes 

V^tU =* tUnrV 

8 . From the result of the preceding article we have 

the upper sign to be taken if have the same sign, the 

lower sign to be taken if they have opposite signs, or 

the upper or lower sign to be used according as TOvw 
positive or negative. We can also write the result, in a 
form free from ambiguity of sign, as 

The symmetry of these results shows that the product of 
the size of w and the size of the projection of v on w is 
equal to the product of the size of v and the size of the 
projection of w on v. 

The quantity is called the iiiner product of the two 
vector volumes v w. 

9. The projection of one volume vector on another can 
be otherwise treated. The projection of line vector x on 
triped v which is normal to n is given (article 1 5,2) by 

S =» (C/Pn) • X 
where C is the operator 

C = e“C3 = i^al - N « ^ 

so that cj^ =• I'nSS - 
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We introduce four vectors h" defined by 

h“ = = vtp‘ - trti 

Then C = h"e« 

and v„s = C • X = xJCi'‘ 

If s t u are the projections of x y z, this last equation 
gives 

or by taking the six permutations of a /3 y and adding 
or in full 

7l/a34h®h3h4 + w,43h*h4h3 + W4,ah4h’h* + zt/3a,h3h»h’ 

The definition of h" gives 

h®h3h‘‘ = (vnC* - «*nXvne3 - «3n)'vae4 - «4n) 

= v^e3e4 - i^«®ne3e* - v?«3e2ne4 - i^«4e®e3n 

n n n n 

= «^{vBe®e3e4 - «X«ie* + «ae®)e3e» - »3e®(»ie’ + »3e3)e* 

- «<e®e3(«,e* + » 4 e»)} 

= + «3e4i® + /;4e3®*) 

and so for the other terms. Hence 

»„«"stu = («iW234 + «a!»i43 + 

(«ie*34 + «ae*43 + «3e4« + «4e3»*) 

which is the equation of article 6 and gives as before 

v,stu = w„v 

lO. We observe that p q r of article 11,26 can be 
expressed as nmalv^ nojaJvji 

so that the equation of that article, and of article 1 1 ,29, is 
equivalent to the equation 

tliStu = rjtxyz - roijKyz - nt^kz - tut^yk 
of article 1 5,5. 
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1 1 . Exercise. — How are two vector volumes v w related 
to one another if v . w = o ? 

1 2 . Exercise. — Show that, v being any vector volume 

V . e.^ = V . e^ = 

and that the projection of v on 0123 is 7'ia.,eiJi/A''i3.ua.(. that 
Vaity besides being the components of v in tlie <•“ lattice are 
(except for constant scalar multipliers like .(ftnui) the ortho- 
gonal projections of v in the r, lattice. 
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TRANSFORMATION TO A NEW REFERENCE 
LATTICE 

I. In addition to the e-Iattice with prime vectors Ci 62 63 64 
we introduce another, the c-lattice with the same origin and 
with Cl C2 C3 C4 as prime vectors. The prime vectors 
of each lattice can be expressed in terms of the other set. Let 
these expressions be 

Ca =* e. 

there being of course 16 constants and 16 constants 
2. The combination of these expressions gives 

c. = 

The coefficient of c* on the right must be unity and the other 
coefficients zero, that is to say 

- K 

In this there are 16 equations which give the d'"/ in terms of 
the/? and vice versa. From 

we obtain the 16 equations in another form, namely 
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3. We define the symbols d d^^ IXt as follows 


d = 


d\^ dl^ d'i' tt; 
d? if? df dt 

d \3 rf|3 

d'l^ dl^ d'j^ d'^ 




= d^ d:* d^ 
df d1* dt 
dt dt dt 
dDt = d^*^ 


1 which a|3y8andfl^0<«» arc even i)er. 
nutations of I 2 3 4» 

We obsei-ve that d^dD^ gives an expansion of the deter- 
ninant d when a and j3 are equal, and vanish«a> when they 
ire unequal, so that 

D^dt = 8 ? 

These sixteen linear equations give the sixteen quantities 
Df in terms of df, and they are the same equations found 
in article 2 for Jt, so that the two sets of solutions are 
identical ; that is 

Df =/^ 

and dftft*'" = d/T 

o/3y8andfl«^^w being even permutations. 

4. The new prime tetraped €,€^3^4 given in terms o 
the old by 

c,crf3C4 “ rfre.rfSf’e^’'e/^?c, 
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which becomes, by taking the 24 permutations of a /3 7 8 
and adding 

dV rfa rf? < ete,e3e4 
dT ti? df df 
dP df d^ 
d^ d-^^ df 

or ^616163^4 

Thus the multiplier d converts the old prime tetraped 61626364 
into the new one 6162035:4. 

5. The c-lattice has its own set of constants correspond- 
ing to the g^ of the ^-lattice. These are the ten con- 
stants given by 

bafi = c, • Cp 

and the ten given by the 16 equations (not all inde- 
IJendent) 

The expression of c, • in terms of the old prime vectors 
gives 

bafi = r^f/e^ • d'pCa =• gfod°ad^ 

6 . The derived lattice of the C-lattice has its prime vectors 
C* given by 

c» = A“«Cp or c. = AafiP 

And the relation e, = has in consequence the equi- 
valent forms 

e.' =• ^,c<» 

where = V/f. 

We shall also want the quantities /"* defined by 
/•» - A-^/y 
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Along with the i6 constants we shall use 
defined by 

ct* =a g^d^ « g^d 7 d^ =■ 

The second of these shows that c, •= rfSfCp may be written 

C. = d^f* 

7. The transformation coefficients d°^ d,^ // /.^ have 
simple geometrical meanings. Thus 

(fp a a <<*ep.eP =■ c^.e** 

daft = • e' = c. .Cp 

ff » c..c'> 

/m = e..c^ 

We note that yis = 

8. Let the vector x with components x' in the e-latticc be 
called s in the c-lattice and have the com|;x>nents A so that 

4r«C. a X = S => 

The expression of c. in terms of e, gives 
ar'Cp => j'rfi'Cp 

so that the old components are given in terms of the new by 
;r' = s-d°: 

The expression of e. in terms of C. gives similarly 

The relations between the dcrivetl components jr, and 
r, are somewhat more complicated. Thus 

and 

=■ = h,^f7 = K,f7g^x^ 
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9. If two vectors x y in the e-lattice are called 
S t in the c-lattice, their inner product is 

and by the last equation of article 5 this becomes 


so that the inner product has the same form in terms of the 
new components and the new lattice constants that it had in 
the old. 

As a particular case, when y =* x, we see that the size- 
number of a vector, that is the fundamental quadratic ex- 
pression, has the same form in the new system as in the old. 

10. Suppose the vectors x y z k 1 m to have the 
components etc, in the e-lattice and the components 
^ C-lattiCC So that 

with similar expressions for the other vectors. We will con- 
sider the transformation of the inner product of the 

two volume vectors xyz kim to the c-lattice. We have 

Now 


rfdf -q^df q*d^ 

l^df ^*df i*dy 

and similarly 

= 'i^""d°i‘d'fd” 

Also 

ht. =. g^dv = gf^d:' A*. - g^dz 
no 
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Hence 

1 1. Thus while an element like of the expression 

for the inner product has a somewhat complicated expression 
in terms of the c-lattice components, the inner product itself 
has exactly the same form in terms of the c-components as 
in terms of the e-components. For this reason the expres- 
sion for the inner product is called an invariant 

12. In the same way the inner product of two area vectors 
is shown to be invariant, and as a size-number is a particular 
case of an inner product it follows that the size-number of an 
area vector and of a volume vector are invariant. 

1 3. That outer products are invariant is immediately seen, 
since for example xyz takes the form 

and also the form 


The Importance of Invariants 

14. Thus the measure of size-numbers, of outer products, 
and of inner products, is the same in all lattice systems 
obtained by linear transformation from one in which light 
travels in straight lines (see chapter 3). Thus these 
quantities are invariants, and therein lies their merit. For 
if we express a law in terms of them it is true whether our 
reference lattice is made up of Greenwich time and the metre 
stick or whether it is the lattice of some observer in motion 
relative to the earth. 

As an example of the manner in which a quantity in the 
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fourfold takes the place of a quantity in Euclidian space we 
shall presently discuss the “ velocity vector,” that is the four- 
fold vector which specifies the velocity of a point and takes 
the place of the vector of three-dimensional space. 

Einstein’s work was done in terms of the invariants of the 
fourfold. It was this method that made possible that 
marvellous advance in the laws of motion, which replaced 
the law that the path of a planet is an ellipse by the law 
that the world-line of a planet is a geodesic in the fourfold. 

1 5. We now consider the tensor operator C = d^t^^ 
along with the operator E = ffc ^^ ; where f^ are the 
transformation constants of article i . C may be expressed as 

where d"^ = and in other ways of the same 

type. Since c. = the corresponding expression for E is 
f<^cjcP where /“^ = h^f‘f. 

1 6. Each of these operators carries out a linear transforma- 
tion of the components of any vector. Such a transforma- 
tion we have seen to be determined when the transformation 
of four vectors is given. The forehand stroke of C trans- 
forms the four vectors e« into the four Ca and may be looked 
on as determined in this way. E’s forehand stroke trans- 
forms Ca to e« and is determined by this. 

Thus E is the reciprocal of C, that is to say, it reverses 
what C does, and either operator superposed on the other 
gives the identity operator. 

1 7. Exercise.— By calculating C • E from the expressions 
for C and E show that C • E = I. 

18. Let operator E act by forehand stroke on the vector 

OP = h*Ca and convert it to OQ. Then 

^ - h^..ffC»Ca - ^ 
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so that OQ has in the e-lattice the same conifx^nents that 
OP has in the c-lattice. 

Let OQ have components in the c-lattice, that is let 
OQ == /*Ca. We have now 

which gives 



19. The size 'number of OQ while that of OP is 

These are in general different, being equal for all 
vectors only if Aa^ = ^o^- 

20. The fact that operator E changes the size-number of 
a vector it acts on is quite consistent with the fact that the 
transformation of articles 1-7 leaves the size-number un- 
changed. For that transformation is concerned with the 

two expressions /“C* for OQ while the operator converts 
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to OQ a vector formed by usiag the components of the 
one lattice with the prime vectors of the other. 

2 1 . To see the effect of E on c* we make OP coincide with 

c* by putting Then . E is In 

general this differs from e“ which is The two are 

equal only if 

22. We have the original e-lattice with prime vectors e* 
and the derived e-lattice with prime vectors e*. When we 
wish to refer to the system of reference made up of the 
original and derived lattices we shall speak of the e-system. 
Similarly the c-system consists of the original and derived 
c-lattices. 

In these terms the result of the preceding article is that 
the operator E converts the c-system into the e-system if 

23. Exercise. — Show that the tensor operator kp + Iq 
+ mr + ns cannot convert any finite vector to zero if 
k 1 m n are four independent vectors and p q r s 
also four independent vectors. 

24. Exercise. — What vectors does the operator kp + Iq 
+ mr convert to zero by forehand action ? and by backhand 
action ? 

What vectors does the operator kp + Iq convert to zero 
by each action ? 

What vectors can the operator kp convert to zero ? 
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CHAPTER 

THE CONGRUENCE OPERATOR 

I. We take two lattices, the c-lattice with prime vectors c« 
and lattice constants h^, and the e-lattice with prime vectors 
e, and lattice constants We suppose the ten lattice 

constants to be the same for both lattices, that is 
We take the tensor operator 

R = c.e“ 

and suppose that by backhand action it converts x : 4-*e„ to 
z, so that 

z R . X c.(e“ . x) = 

and z has the same components in the c.-lattice that x has 
in the e,-lattice. 

2. Hence 

= f'x 

and if R converts y into u 
w*a = 

= = n>iy 

We denote the heads of vectors x 
yzubyX Y Z U and have 

- ^^0 

~ Vj "t* I'y 

and a similar expression for Therefore = yxr and 

the operator R leaves the size-number of every separation 
unchanged. In other words R converts any triangle into a 
congruent triangle. 


V 
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In particular R converts the four prime vectors Ca into the 
four prime vectors Ca, and the two five-faces formed by the 
sets of prime vectors are congruent. 

3. Exercise. — Show that the two figures, one consisting 
of the 8 prime vectors of the c-system and the other of the 
8 prime vectors of the e-system, are congruent. 

4. We observe that the operator conjugate to R is 
R e:: e“Ca so that 

R . R = c^e" . e^c^ - = CaC- 

R . R = e*Ca • c^e^ == ^a^e“e^ = ex 

confirming our knowledge that R • R and R • R must both 
be the identity operator. 

5. We use the term congruence operator for any operator 
that leaves the size-n .mbers of all separations unchanged. 
We shall see that in some cases it is possible to bring two con- 
gruent figures to coincidence by a continuous motion,^ while 
in others a discontinuous change analogous to reflexion in 
Euclidian space is involved. When the two figures have 
a pair of corresponding points coincident the continuous 
motion that brings about complete coincidence is called 
rotation. 

Since a tensor operator has 1 6 constants, and by requiring 
the c-lattice to have the constants of the e-lattice we impose 
10 conditions a congruence operator has 6 constants at 
disposal. 

* In the fourfold conception of the world there is.no motion ; corresponding 
to the classical conception of a particle in motion we have an unchanging line 
of point-events. When we speak of bringing two congruent figures to coin- 
cidence, we mean that the two can be connected by ai infinite series of figures 
congruent to them such that any two successive figures differ only infinitesi- 
mally in position. 
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REFLEXION 

I. There are four kinds of reflexion. The mirror may be 
a triplane, a biplane, a line, or a point. The line joining a 
point and its image must meet the mirror, must be bisected 
by it, and except in the case of the point-mirror must be 
perpendicular to it. This is the defitiition of reflexion in the 
fourfold. 

2. We take the tri plane €123 as mirror. By article 15,1 

the projector of a vector x is so that the image of 

X is 

X - 2,tr4e4/^^w 

and the operator Q123 which produces this reflexion is * 

Q,23 = I - 2 e^e 4 /^ 

3. Exercise. — Verify that Q123 leaves every vector in the 
triplane ei23 unmoved, and find the images of e4 and e^. 

4. For a biplane mirror we take ei2. The operator that 
converts a vector x into its projection is, by article 14,3 

K — P •P/^I2I2 

where P = eie2 - e2ei 

while the operator I + P • P/^1212 converts x into its pro- 
jector. 

* Here and throughout the chapter the operator is supposed to use the back- 
hand stroke. 
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Since P = = ^,a»*e*e* 

the projection operator is 

- (6162 ~ €261) •^I2^e^e^/^I2I2 = - - tQgi 2 l^)l^lgl 212 

and the projector operator 

+ Ci^r22^ — e2jfl2I^)C^/j?‘l212 

~ 0 >V»«h^I 2 t 2 + gl 4 ,gl 224 > - lgt! 2 J 2 

=a ^^g^J 2 ^J 2 lgl 2 l 2 

Now g^i2^i2 vanishes if either ^ or ^ is I or 2, so that by 
the help of article 4,10 we may write the operator as 

te^gg*^lgj 2 i 2 

thesummation to be carried out for A~3/i = 4, A=4/bt=3, 
p==3 0^-4, p = 4 0=3. Hence since by article 12,12 
^1212 == gg^^ the projector operator is 

L = (^3e3 - ^3e3e4 - ^e^es + gS3e^)lg3^M 

5. If s is the projection and p the projector of x the 
image of x is equal to 2S - x and to x - 2p. 
Thus 2K — I and I - 2L are two expressions for Qi 2 » 
the reflexion operator for the biplane ei2 ; that is ti» say 

Qi2 =* 2(^226161 — gl 2 ^^l *• ^2lClCa + gjlG^^lgiaT 2 •” I 

= I - 2(^e3e3 - ^34e4e3 - ^^3e4 + ^33e4e4)/^3434 

6. P'or a straight line mirror we take e^. By article 
13,18 the operator e^e^/g^ converts any vector into its 
projection. Hence the operator 

Q4 2e^e^lg‘^ ~ I 

converts it into its image. 

7. As point-mirror we take the origin. The operator 
which causes the reflexion is 

Qo = - e.e* =• - I 
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8. In Euclidian space reflexion in a line is et]uivalent to 
a pure rotation, while for reflexion in a plane or in a point 
there is no equivalent pure rotation. We shall discuss the 
corresponding properties in the fourfold. 

9. We consider the c-lattice and its image in the triplane 
6123, which we call the f-lattice. The first three prime 
vectors of the f-lattice coincide with the first three of the 
e-lattice. We denote the head of each vector by the corre- 
sponding capital letter, so that for example Ei is the head 
of Ci. 

The constants being supposed given and the position 
of 01 C2 63 being chosen the head of the fourth vector 
64 or £4 is given by 

X.ei=^4X X. 62=^42 X.e3=«^43 X.X=^44 

that is it is one of the two intersections of the contour tri- 
surface of size-number ^44 by the straight line given by the 
first three equations. £4 and satisfy these conditions 
and are the two points in question. No other position being 
possible for the heid of the fourth vector it is impossible for 
lattice f to come by continuous movement to coincidence 
with lattice e. 

10. As biplane mirror we take e34, and the image of the 
e-lattice in it we call the h-lattice. Since ei and 02 are 
perpendicular to the mirror, hi is ei reversed and h2 is 02 
reversed If we hold h 3 h 4 still, in coincidence with 03 04, 
then hi h2 being perpendicular to h 3 h 4 are limited to the 
biplane ew and what we have to consider is rotation in that 
biplane. 

11. If 012 is a mixed biplane it cuts the contour system 
in a series of hyperbolas. Hence the head X of any vector 
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ioX is limited to one branch of its hyperbola and cannot 
be brought by continuous motion to the reverse position. 

1 2. Another observation is worth making about rotation 
in a mixed biplane. Let the vectors OX OY be perpen- 
dicular to one another. Let OX rotate towards P in the 
figure. Then since perpendicularity is conjugacy with 

respect to the hyperbolas O Y will rotate towards Q, That 
is to say the effect of rotation is to turn OX and 0 Y in 
what the Euclidian would call opposite directions. 

13 . If e,a is a spacelike biplane it cuts every contour in 
an ellipse. /A lies on the same ellipse as Pi and can travel 
along the ellipse to coincidence. As the inclination between 
h[ ha remains constant the rotation that brings fh to Ei 
also brings /A to Ea ! and for the same reason it reverses 
every vector in the biplane. 

Take any vector Uz. Through Z draw a biplane 
parallel to Cia and meeting e34 in Y. Take M as the fourth 
corner of the parallelogram OYZM. Then OM lies in 
e ,3 and ZM is parallel to e^. Take L as the point to which 
the rotation brings M, so that O is the mid point of LM. 
Take X as the fourth corner of the parallelogram YOLX. 

The rotation brings M to L, leaves 0 Y unmoved, and a 
parallelc^ram remains a parallelogram. Therefore Z comes 
to X. And since ZX is bisected at Y at right angles by 
e34, every point rotates to its image. 

Hence any figure can be brought by a pure rotation to 
coincidence with its image in a mixed biplane, but cannot 
be brought by such means to coincidence with its image in 
a spacelike biplane. 
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14. We observe that if hi e^ form a right-handed set of 
three directions, the set ei e 3 to coincidence with which 
they come by rotation are a left-handed set. Thus the 
sharp distinction in Euclidian space between right- and leit- 
handedness does not hold in the fourfold in which it is 
sometimes possible to rotate right- and left-handed sets 
to coincidence. 



Figure for 18,12. Figure for 18,13. 


15. We may look on this rotation in the biplane ei2 as 
taking place in any triplane that contains 612, for example 
in the triplane 6123. The axis about which the rotation takes 
place in 0123 must be perpendicular to ei2 and it must He in 
6123, that is it is perpendicular to e^. This is (by article 
13,12) the position to which operator - e 4 e 3 throws 
e*, so that the axis is^e 3 - 
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More generally we may take as axis any vector r per- 
pendicular to Cw, the triplane of the rotation being that of 
01 02 r. 

1 6. Let the k-lattice be the image in 04 of the e-lattice. 
As 01 02 03 are perpendicular to 04 reflexion reverses them. 
A timelike vector cannot be reversed by continuous motion, 
for reversal means moving it from one cup of its trihyper- 
boloid to the other. Thus for the k-lattice to come by con- 
tinuous motion to coincidence one condition is that in the 
e-lattice ei ea 03 must be spacelike. 

1 7. We assume the triplane 0123 to be spacelike, so that 



the vector 04 is timelike, and the biplane 034 is of mixed 
character. We carry out the pure rotation in the biplane 
012 which brings ki k3 to coincidence with Ci 02. This 
position to which the k-lattice is thus brought we call the 
1-lattice. 

We let fall perpendiculars E>^P K^Q from £3 upon Cia. 
E^OK^ being a straight line bisected at so also is POQ. 
And E^P » The rotation brings OQ to OP and 

leaves the other component of unaltered. So 
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that comes to such that PLj, equal and parallel to 

QK^ and to E^P, That is to say comes to the image of 

in 6x2. 

1 8. To find 7.4 the point to which comes we let fall 
perpendiculars E^X K^U from E^ and A4 on the triplane 
6123. Since £‘4A!"4 is normal to and bisected by at K 
it is parallel to €123, so that the two perpendiculars are equal, 
and XOU straight line bisected at O, 



Now from X U we let fall perpendiculars XY t/F on 
£x 2. They are equal and YOV is a straight line bisected 
at O, The rotation swings OY to OY, and translates Yf/ 
UK^ without change of size or direction since they are 
normal to 612- U comes to Z the image of X in ei2 and 
comes to Z4 the fourth corner of the parallelogram 
E^XZL^. 

RS drawn parallel to OY meets ^^47-4 in its middle point 
S, and ^4^4 is parallel to XZ and perpendicular to 612. 
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Thus A^4 comes to the image of in the biplane through 
R parallel to e^. 

19. The line of article 17 meets the triplane 61026^ 
in one point. That point is P which lies in 012 and therefore 
in the triplane. E^L^ is perpendicular to 0i and 02, and since 
it lies in 0123 it is perpendicular to 04. It is thus perpendicular 
to the triplane 010204, and is the image of E^ in 0x0204. 

The line E^L^ of article 18 meets 0x0204 in one point. 
Since RS meets 04 and is parallel to 012 ^ is in 0x0204 and is 
the point. A4A4 is normal to 0x2 and parallel to 0x23, and is 
therefore normal to 0x0204. 

20. The 1 -lattice is thus the image in the triplane 0x0204 of 
the 0-lattice, and by article 8 cannot be brought by a pure 
rotation to coincidence with it. 

Therefore the k-lattice cannot by pure rotation be brought 
to coincidence with the 0-lattice. There is thus no pure 
rotation equivalent to reflexion in a line. 

21. For a point-mirror we take the origin. Then reflexion 
reverses every vector at the origin, including the timelike 
vectors. As a timelike vector cannot be reversed by con- 
tinuous motion there is no pure rotation equivalent to reflexion 
by a point-mirror. 

22. This discussion of reflexion shows that in the fourfold 
there are a great variety of cases in which congruent figures 
cannot be brought to coincidence by rotation. 
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THE VELOCITY VECTOR 

I. In the classical conception of the world the history of a 
particle was given by expressing three rectangular space co- 
ordinates X y a in terms of the time /. In the relativity 
conception we substitute a fourfold in which the place of a set 
of pace coordinates along with the appropriate value of / is 
taken by a point or point-event Whereas in the classical con- 
ception the history was given by a line in si)ace with a value 
of t attached to every point of it, now in the relativity con- 
ception the history is given by a line in the fourfold each 
point of which has the four coordinates x y x? /. This 
line is called the world line of the particle. The origin is 
located in time as well as space, and may be said to be 
‘‘ here and now.*' 

2. Consider a particle whose world line is a straight line 
through the origin 0 , Let the coordinates of a point P 
upon it be x y j /. In classical language we say that it 
has travelled distances x y s parallel to the three axes in 
time ty or that its velocity v has components xjt j jt j//, 
and that the magnitude of the velocity is 

3. The size-number of the separation OP is P - - y^ 

- ^ or If OP lies inside the basic tricone the 
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size-number is positive and v is less than i. If OP lies out- 
sider the size-number is negative and v is greater than i. If 
OP is a generator of the tricone v is equal to I. 

Now it is a principle of relativity that no velocity can be 
greater than that of light, which we have taken as i. 
Therefore the world line OP lies on the tricone in the case 
of light and inside the tricone for anything that moves 
slower. 

4. The size-number vqp^P - ^ and the size 

^op = ^ have the property that their 

values are the same in all reference lattices ; they are in- 
variants. The special symbol s is used for the size, so that 
s Oqp = ^ ^ ^ /2 _ ;j;2 _ yz _ ^2 

5. We introduce another lattice in which the coordinates 

ofa point are ^ rj I r and the size-number of the separa- 
tion of that point from the origin t® - - C®, the lattice 

so taken that P lies on the r-axis. For P and for every 
other point of our straight world line ^ ly J are zero, so 
that the size of OP is t. Thus the invariant quantity s is the 
time of this particular reference lattice in which the particle 
lies at rest. 

It is appropriate that the particle should imagine itself to 
be at rest and everything else in motion, so that for him r 
is a unique measure of time. Accordingly the invariant s, 
which is equal to r, is called the “ proper time ” of the par- 
ticle, the zero of time being at the origin 0 , here-and- 
now. 

6. If we divide the coordinates of P hy s we shall have 

^ ^ -sr / 

s s s s 
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the coordinates of a point Q on OP, Also xjs is the dis- 
tance traversed parallel to the ^-axis, measured in the 
^-sr/-lattice, that elapses per unit of proper time. And so 
for yjs sjs. And tjs is the amount of time measured in the 
;r/x;/-lattice, that elapses per unit of proper time. It is 

accordingly appropriate to call the vector OQ the “velocity 
vector of the motion. 

7. We observe that the components of the velocity vectt^r 
and the components of the classical velocity i* are related by 

1 AT 

s JT^ t 5 t 

^ I z t I 

We observe also that the size-number of OQ and of every 
velocity vector is unity since - .ir® ~ ^2 _ .2 

8. Take now a world line of any form. Let P with 
coordinates x y z t and Q with coordin- 
ates x-\-dx y-\‘dy z-{-dz t-\-dt be 
two successive points on it. The vector 

PQ has the components dx dy dz dt 
and the interval of proper-time between 
P and Q is 

ds = JdP - rfr® ~ - d:^ 

The components of the velocity vector u 
of the motion at P are 

dx dy dz dt 

Js ds d's ds Figure for article X9.8. 

the components of the classical velocity v 
dx dy dz 

dt dt dt 
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and the relation between ds dt is 
ds = dtfji - 

9. Let us take the zero of proper time for the world line 
at the point-event AT. We divide the piece of the line 
between K and P into infinitesimal elements, calculate the 
interval of proper time for each element, and define the 
proper time at P as the sum of the^e intervals. That is to 
say the proper time .r at P is 

j = f iJdP - dx’^ - dy^ - 

10. If instead of the cubical (or supercubical) lattice we 

employ an oblique lattice with prime vectors Ca and lattice 

— ^ 

constants we denote the vector OP by x with components 
x^ .r3 ,r4 and vector PQ by dm with components dx^ dx^ 

dx^ dx^. The vector OQ is therefore x + ^x and has com- 
ponents x^ + dx^ xr^ + dx^ xi + dx^ x^ 4- dx^. 
The interval of proper time from P to Q, or the size of 

PQ is 

ds = GpQ = Jgaf^dxfi 

and zero of proper time on the line being at AT, the proper 
time at P is 

J = f 

J K 

1 1 . The components of the velocity vector u are 

dx^ dv^ dx^ dx ^ 
ds ds ds ds 
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which may also be written as 
d, 

u =• + ^2 + ^3 + -r-*e4) 


or as 


u 


dx 

ds 


1 2. Article 1 1 may be stated more in terms of vectors. 
We start with the vector OP or x or x^a with com|X)ncnts 

x^ x^ x^. We add to it the vector PQ or dx or dx^ea 
with the four components dx^ dx^ dx^ 
dx^. The sum of the two is the vector 

OQ or X + ^x or {x^ + with 

the components x^ + dx^ x^ + dx^ 
x^ + dx^ x^ + dx^. 

The velocity vector u =* «®ea is a 
scalar multiple of the vector dx namely 
dxjds = dx^Jds, so that its components 
are 

= dx^/ds 

or written in full 

dx^ 

ds 



Figure for arlicle I9»i2. 




dX^ 

^2 ^ __ 


dx^ 




dx^ 

(is 


1 3. When we wish to split up the fourfold into time and 

space, the prime vector we choose for the measurement of 
time must be normal to the triplane which is to be our space. 
Now €4 is normal to Ci €2 €3 if ^14 ^24 ^34 vanish. Accord- 
ingly we make these particular vanish, take 64 for time 
vector and the triplane 6123 space. 

14. The world having been split into space and time the 
event P is characterized as happening at local time x^ after 
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the origin, which is here-and-now ; or if we wish to emphasize 
the unit 64, as happening at time The place at 

which it happens has in the ei23-lattice the coordinates 
^ ;ir3, or if we emphasize the units, the coordinates 

- i'll - J22 X^J - ^33. 

“ Local time’* means the time in this particular reference 
lattice in contradistinction to proper time. 

15. With the world thus split the inteival of local time 
between P and Q is dx^. The position of Q relative to P 
has the components dx^ d^ dx^ so that the distance 8p^ 
between P and Q is given in our space lattice 6123 by 

Sp() = - gxxdx^dx^ - goid^dxf^ - ^33^3^3 
- 2 ^ 23 ^^ - 2g^idx^^ - 2gi2<ix^dx^ 

which we may write concisely as 

8%g =• - 

^ 123 

We also write rpq to denote ^g^dx^ the interval of loca 
time from P to Q, 

The magnitude of the classical velocity at P is 

V = SpglrpQ 

16. With the world thus split the interval ds of propc 
time from P to Q is given by 

ds^ = vpQ = ga^dx^dx^ 

In this there are ten terms. One is g^dx^dx^. Six are tl 
terms of 8pg. The remaining three are those in ^14 ^24 g 
and vanish. Therefore 

^ ~ 'JpQ “ ^PQ 


and 


ds =^(l - iPyrpq 
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The relation between the velocity vector and the classical 
velocity is accordingly 

dx^ I dx^ dx^ _ I dx^ 

ds ~ ds 

dx3 _ I dx3 d.i'* _ I I 

ds ^ -TpQ ds - 7.2 


131 



CHAPTER 20 


THE ROTATION OPERATOR 

I. Our main object in discussing the transformation from 
one reference lattice to another is the comparison of the 
pictures of the world as seen by two observers C and E who 
are in relative motion. We can interpolate between C and 
E as many other observers as we please. We can therefore 
pass from the C lattice by stages as small as we please to 
the E lattice, that is to say by pure rotation. Thus the 
congruence operators with which we are chiefly concerned 
are those that cause rotation ; we call them rotation operators. 

2. Suppose we have two observers, E who uses the e- 
lattice, and C who uses the c-lattice, both having their origin 
here-and-now at O, the two lattices being congruent. 
Suppose the world line of E to be the prime vector 64 ; 64 is 
therefore timelike, and E is at rest in the classical sense in 
his own reference system. Also suppose Cs world line to 
be C4. 

Consider the operator R^c„e". If, proceeding as in 
chapter 16 and remembering that and are equal in 
the present case, we express the prime vectors of each lattice 
in terms of the other lattice by 

e. =/fcs 

R takes the forms 


R = 
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Suppose vector Oi^ expressed in the two lattices to be 

and 

Then 

OP = ;ir"e„ « for all values of OP 

so that 

= z^dT ^ 

3. Suppose that Cs velocity vector in the e-latlice is u. 
In the c-latticeit is C4/^^44 since it lies along and has 

size-number unity. W’e take this vector for OP and have 
-I = -2 ^ = o :r4 « \\J^ 

«« = ;ir" = = dl^\sJgA\ 

We have thus four equations for d"'^ which must 

be satisfied if a prescribed velocity vector u i-^ to lie along C4. 
The fact that the size-number of u is unity gives one relation 
among these quantities, namely 

so that the four equations amount to only three independent 
conditions. 

Since a congruence operator has in general six dis|X)sable 
constants, a congruence operator CaC* which throws a pre- 
scribed velocity vector along C4 (or rather which converts the 
e-lattice into one which has €4 in a prescribed direction) has 
three disposable constants. 

4. Exercise. — Discuss the possibility of deducing 

d^ =* t 4 ^sJS\\ other three equations of article 3 

and =* ^44* 

5. The velocity vectors of E and C head towards the 
future so that their heads both lie on the future-time bowl of 
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the contour trisurface of size-number unity. We can there- 
fore by continuous motion bring C4 to coincidence with £‘4. 
This being done and the values of being supposed to be 
specified Ci may lie anywhere on the locus 

x.e4-^i4 X.X = ^i, 

a conicoid wh ch also contains £t. 

As 64 is timelike the triplane x*e4 = ^14 is spacelike and 
cuts every contour in an ellipsoid. As Ci lies on the same 
ellipsoid as £1 it can be brought by continuous motion to 
coincidence with it. 

When C4 Cl coincide with £4 £i the locus of possible 
I^ositions for 62 is 

X . 64 = ^24 X • Cl = ^21 X • X = ^22 

which is the line of intersection of a contour trisurface by a 
spacelike biplane, and therefore an ellipse. As Cq, lies on 
the same ellipse as £2 it can by continuous motion come to 
coincidence with it. 

When C4 Cl C2 coincide with £4 £t £2 the position 
of C^ is given by 

^•e 4 = ^34 x.ex=^>3i x.e 2=,^32 

This locus consists of the two points in which a contour 
trisurface is cut by a straight line, one of the points being 
£3 and the other its image in the triplane 6124. 

6. When we are setting up the c-lattice in its original 
position and have set up C4 Ci C2 there remains for C3 the 
choice between two positions which are images of one another 
in the triplane €124. In order that pure rotation may bring 
the c-lattice to coincidence with the e-lattice that position 
must be chosen for C3 that will bring it to coincidence with 
63 and not with its image in €124. 
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7. As a special case let the e aiul c lattices be super- 
cubical ; let observer E have the prime vector 64 as worUl 
line while C has C4 as world line, so that each is at rest in 
his own system ; let C2 coincide with ea, and C3 with 63. 
Let the classical velocity of C relative to E be 

If the two lattices can be rotated to coincidence it is by 
rotation in the biplane 614. 

We put / y' 

C4 = <^'e, + / / 

and since on Es reckoning y / 

P / 

C does the distance in / 

the time we have / ////*' ' 

® I //ul 

whence ^ ' 

I = C4.C4 = \ 

+ A'+») == ^ 

, , , ^ Figure for article 20,7. 

and - ci^{v^i + €4) 
where = (i 

Since Ci is normal to C4 and in the biplane 614 its value is 

Cl = 

If vector OP is in the e-lattice and .cr®c« in the 

c-lattice 

,r'ei + ^62 + + ^•»e4 =» + z;e4) + ^“62 + -^^3 

+ 4 * 64) 

X^ = + vz^) 


X^ = J8r3 

=s + vz^) 
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These equations are Lorentz’s famous transformation. 
From E’s picture of the world which is expressed in terms 
of x" these equations give the picture of the world as seen 
by C who has relative to ^ a velocity v along the axis 
and who expresses his picture in terms of z^. 

Lorentz first invented his transformation to give in terms 
of any known electromagnetic arrangement another possible 
electromagnetic arrangement Later Minkowski saw that 
the two different arrangements could also be one single 
arrangement viewed by two different observers. 

8. Let E and C be two observers, whose world lines are 
both straight Let k be a vector along E’s world line and 
I one along Cs. How does E express in classical language 
his picture of C’s motion ? 

E splits the fourfold into time measured along k and 
space which is the triplane normal to k. Thus if from L 
the head of vector 1 we draw LM perpendicular to k, E 
says that the vector 1 is resolved into a time-lapse OM and 
a space vector ML^ or that C travels from M to L in time 
OM, 

We know (article 5,7) that 

and that is positive and negative, so that in E's 
picture C is travelling with a velocity of magnitude 

We note that the expression for Cs velocity is of degree 
zero in k and 1 and it is immaterial whether these vectors 
are the velocity vectors or other vectors with the same 
directions. 
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9. Exercise. — Show that in E*s picture the classical 

velocity of C is given in direction and magnitude by the 
vector lor^t^u - k/o-fc or showing by direct 

calculation that the second expression has the appropriate 
size-number 

Is the Pointer of a Triplane Invariant? 

10. In what circumstances is the pointer of a triplane 
invariant, that is to say when will our formula (articje i i,l i) 
used in a new lattice c* pick out the same normal to a tri- 
plane that is picked out by the formula used in the lattice e* ? 

We first consider a particular case. As the prime vectors 
Cl C2 C3 C4 we take e^ e® e 3 e^. This requires the pointer 
of when we are working in the Ca-lattice to lie along 64, 
but when we are working in the Ca-lattice it actually lies 
along - 64. Thus the pointer cannot be invariant for all 
transformations. 

Again let the e-lattice be supercubical, and for Ci C2 C3 C4 
take Cl 62 €3 - 64 which is congruent to the e-lattice. The 
pointer of e^s in the c-lattice is C4 or - e4 while in the 
e-lattice it is e4. And the pointer cannot be invariant for all 
congruent transformations. 

11. The pointer of triped iilm ^ is 

S - £" where the symbol S directs summation 

a/Jy8 afiyS 

for even permutations of a )3 y 8. That will in future be 
the meaning of the symbol without further explanation. 
We shall consider transformation to a c-lattice congruent to 
the e-lattice. Let the two lattices be given in terms of one 
another by 

e. 
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and let the vectors /*e« m^a be j*Ca ^c« when 
expressed in the new lattice. 

From article 2 we see that the formulas we need for trans- 
formation from the e system to the c system are 

e. =/?c, 

1 2. For khrfi^ we have 

(tie- 
d^e^ d^e- 
dit^ d^s* dtr 
= d^Ji^r*s*e- 

with the notation of article 16,3. For any set of values 
of ^ ^ <0 we take the six permutations and thus find 

In accordance with article 16,3 we replace d^„^ by d/i 
in which a j 3 y S and d <j> ^ (o are even per- 
mutations and d is the determinant | d^ |, We then have 

^kdtfUrVe^ 

The numerical factor changes because the present summa- 
tion is over 1 2 terms while the former sum had 24. 

Hence for the pointer we have 

V3 2 = Vs dt 

the numerical multiplier being the same on both sides be- 
cause both sums are for 12 terms. 

13. The operator S which converts e« to c., so that 
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S • Ca = Ca is S = c.e“ = /“jCaC*, and the conjugate operator 
is S = CoC” = P'rom these we have 

S . S = /;,Ca(c» . c^)/fc^ = /5./?c.c'’ 

S . S = /:*c*(c« . cp)/ 5 ,c» = 

And these are both the identity operator when S is a con- 
gruence operator, so that 

.rod roa rB S>a 

J oBJ » — J B J ofi = Oq 

14. Thus /aVc“pC* = SpC" = c* and the relation between 
the pointers in the two lattices is 

V3 S ~ g = deli's rs^C‘^ - g 

The pointer is thus an invariant for transformations in 
which is unity and not otherwise. 

1 5. The prime tetrapeds of two congruent lattices have 
the same size-number, so that article 16,4 shows to be 
unity and to be ± i. If we require the transformation 
to be a rotation we can interpolate any number of congruent 
lattices, so that the change at any step is infinitesimal ; in 
that case must be unity for each step and therefore for 
the transformation. 

Hence the pointer of a triped is invariant for all trans- 
formations that are rotations. 
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CHAPTER 21 

A GRAVITATIOxXLESS REFERENCE SYSTEM 

I. It is a hypothesis of the relativity theory that a 
gravitational field acts on a ray of light as well as on a 
material particle. If we choose a man at rest on the earth as 
observer £ his reference system would have a gravitational 
field and the path of a ray of light would be curved. Instead 
of this we choose as observer E a man fall'ng freely under 
the earth’s gravitation. His local region” will extend 
vertically as far as the magnitude of the earth’s gravitational 
force is sensibly equal to that at Es origin. Horizontally it 
will include places for which the direction of the earth’s at- 
traction is sensibly parallel to that at the origin. This de- 
fines the spacelike e.xtension of the fourfold local region ; for 
its timelike extension we have time-lapses of corresponding 
magnitude. 

2. In iS’s local region as thus defined there is no gravita- 
tional field. Hence on our hypothesis the world line of a 
ray of light is straight. 

3. In the local region straight lines, biplanes, and tri- 
planes exist and E builds up his lattice of supercells with 
no warping of the fourfold to trouble him. Within the 
region the lattice quantities are constant, although be- 
yond it they become variable. 

4. We compare i?'s picture of the world with that of 
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another observer Cl The relation between E and C can be 
stated in two ways. In classical language we say that E 
and Care in relative motion with a constant relative velocity ; 
in relativity language we may say that C s reference system 
is obtained from ^s by a rotation in the fourfold about the 
origin. 

5. This method of deriving Cs picture from Es makes 
every coordinate in Cs lattice a homogeneous linear function 
of the coordinates of Es lattice, so that a straight line for 
E is 3, straight line for Cl Hence a ray of light, being 
straight for E, is also straight for Cl Further the straight- 
ness of light rays being by hypothesis equivalent to the 
absence of a gravitational field, C*s lattice is also free from 
gravitation. 

6 . The question of the phenomena as seen by observer E 
beyond his local region belongs to the higher geometry of 
the fourfold. So does the question of the phenomena as 
seen by C when his system is derived from Es otherwise 
than by uniform relative motion, when for example the 
relative velocity is accelerated. So does also the question 
of what happens when Es system has a gravitational field. 
They are beyond the scope of this book. 

7. So long as we confine ourselves to Es system free 
from gravitation and to those of other observers C whose 
systems are derived by rotation in the fourfold, we know 
that the following quantities have the same measure in all 
systems or are invariant : the size-numbers of line vectors, 
of area vectors, of volume vectors, of supervolumes, all 
vector quantities and their outer products, the inner pro- 
ducts of two line vectors, of two area vectors, of two volume 
vectors, and the pointer of a volume vector. 
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8. Apart from the value of the elementary geometry of 
the fourfold as a preparation for the higher geometry, this 
finding of invariants is the culmination of the whole discus- 
sion. For these invariants are the proper quantities in 
which to express such laws of mechanics and mathematical 
physics as can be stated for the local region, in order that 
these laws may be equally true for all lattice systems,. 
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CHAPTER 22 

MEASURE OF DISTANCE 

I. An event has a definite location in the fourfold. Its 
location may be given by four coordinates, or by a vector 
drawn to the event, or otherwise. A body or particle has 
not a location but has a one-dimensional locus, namely its 
world line. We can measure from one event to another, 
but we cannot measure from one locus to another, at least 
not until we have some agreement as to what that process 
is to mean. 

2. The vector joining two events is called the separation 
between the events. If we think of the fourfold apart from 
any particular observer a separation is not a distance or a 
time-lapse or the sum of distance and time-lapse ; it is a new 
entity in which distance and time-lapse have lost their 
separate identity and are fused together. 

3. For any particular observer the fourfold splits in two, 
into his time and his space. For him a separation usually 
consists of two elements, distance and time, that is to say 
one of the two events happens at some distance from the 
other and some time after it. In particular cases the time 
difference may be zero, that is to say the two events are 
simultaneous; the separation is then pure distance. And 
when we speak of distance in fourfold geometry we mean 
the separation between two simultaneous events. 
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4. When in the classical mode of thought we consider 
the distance between two bodies capable of relative motion 
we speak of “the distance at such and such an instant.” 
That is to say that here also we are really measuring the 
distance between two events. 

5. Consider two bodies 5*2 at rest in P's system. 
Their world lines are parallel to P's velocity vector, which 

we will call OU" and u. Let their world lines and u lie in 



the same biplane, and in this biplane let the unit vector 
OK^k. be drawn perpendicular to u and cutting the world 
lines of 5 i ^2 in Xi X2. 

For P time is zero all along OK, Xt X2 are simul- 
taneous events, and is the distance between Si S2 

at time zero. 

6. Now consider the situation as viewed by Q whose 

velocity vector OF also lies in the biplane uk. In the 
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biplane we draw the unit vector OL a - 1 perpendicular to 
O V, For Q time is zero all along 1, and in particular at 
Vi Yq the events in which 1 intersects the world lines of 

7 . We shall see that the separations X 1 X 2 KiFa have 
different sizes, that is to say P and Q give different values 
to the distance between 5i and S 2 . This does not surprise 
if we reflect that each of them is measuring the separation 
between a pair of events, and that they select different pairs 
of events to measure. 

8 . Let 0[/ ~VL OV be the velocity vectors of two 
observers P Q, and let k 1 be two unit vectors per- 



pendicular to them in the biplane uv. Let [/£> VE UF 
VG as shown in the figure be parallel to k 1. Let k 
10 14s 
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head in the same direction as UD, and 1 head so that if 
u V are brought to coincidence, so also are k 1. 

9. We denote the inner product u • v by cosh ft Then, the 
size-numbers of u v k 1 being i i - i - i, we have 


OG = u cosh OF = V cosh 

OE = u sech 9 OD = v sech 6 


10. Also vgv = vqv - vqq = I - cosh® 6 

so that, diS GV and k head in the same direction, we take 
B to be positive and have 


whence 
and similarly 


= k sinh e 
Iw tanh B 


UF ^ Isinh^ EV ^ 1 tanh 0 


II. We have expressions for v in terms of u k, and 
for u in terms of v 1, namely 

V = OG + GF — VL cosh 0 + k sinh 0 
u = OF + FC/ = V cosh 0 + 1 sinh 0 


12. The vector OJ?, which is a piece of Q's world line, 
resolves itself, in P's opinion, into the time OU and the 

distance UD. That is, in P's opinion, Q travels the distance 
tanh 0 in unit time and has classical velocity tanh 0. 

13. Along vector k we lay off vectors OXx X^X^, . 

each equal to UD, Through Xx X^ X>^ . , , we draw the 
world lines of bodies Ti ?3 . . . that are at rest relative 
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to P, Let P be an observer standing on a railway track. 
Then we may take 7*1 7*2 ... to be telegraph poles set 
up along the track. 



Along P’s world line we lay off UUi U2U2, . • . equal 
to OU which is P’s unit time. We draw . . , 
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parallel to k to meet the world lines o{ . . . in 

Dz Dy . . . Then the events D , , , are on Qs 

world line and are the coincidences of observer Q with the 
poles Tx 7*2 Ty . , . 

P's measure of the distance between two poles is the 
size of the separation between his simultaneous events 
Xx and ; it is tanh 0 , He says the time Q takes from 
one pole to the next is oqu or time, say 

one second. 

14, Let the vector 1, Q's line of zero time, meet the 

world lines of Tx T2 • in Yx Y2 Yy . , . These 

events (9 Fi Fa . . . being simultaneous for Qy he takes 
the size of the separation of two of them as the distance 
between two poles. This is the size of DII in the figure 
of article 22,8 or tanh 0 sech 0 . 

Q's time is measured along the vector v, OV being one 
second for him, so that his reckoning of the time-lapse from 
pole to pole is OD or sech 0 . 

Thus Q's reckoning of the distance between two poles 
and of the time-lapse between two poles is sech 0 times P's 
reckoning. 

15. Along vector 1 we lay off vectors OAx A1A2 . . . 

each equal to VE in the figure of article 22,8. Through 
Ax ^2 ... we draw the world lines of bodies Cx C2 . . . 
that are at rest relative to Q, We take Q to be sitting on 
the front of a train travelling along P's railway track, and 
we take Cx ^2 ... to be the couplings between successive 
coaches of the train. 

The same kind of reasoning as before shows that for Q 
the length of a coach is VE or tanh 0 and that a coach 
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takes I second to pass P, while for P the length of a coach 
is tanh0 sech0 and that it takes sech0 seconds to pass him. 

16. Ps picture of the poles and coaches at his time 3, 
that is to say the intersection of with the world lines, 
is shown in the upper of the figures. The lower figure 

shows (2*s picture at what he calls time 3. 

The reason why P and Q assign different values to dis- 
tances and to time-lapses is now clear. While their phrases 



Figure for article 22,16. 


“ distance between two places ” and ** time-lapse between 
two events’* are identical, they mean quite different things 
to P and Q. To P the phrases mean the sizes of certain 
vectors, to Q they mean the sizes of quite other vectors. 

For the purpose of the present illustration we may treat 
P’s and 0 *s reference systems as gravitationless. For some 
purposes, for example to compare the time taken by a ray 
of light to make the circuit of a closed curve in the two 
directions, to ignore the gravitation would lead to error. 
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CHAPTER 23 

COMPOSITION OF VELOCITIES 

I. Let three observers P Q R have velocity vectors 0^7=u 
OV ^ V 01V ^ w which lie in the same biplane. In this 



biplane we take unit vectors k 1 m perpendicular to u v w. 
For each of the vectors k 1 m there is a choice of two 
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opposite directions; we take them so that when u v w 
rotate to coincidence, so also do k 1 m. 

2. We draw UA VB WC parallel to k 1 m to meet 

V w u in ^ 5 C. We put 

u • V =» cosh 0 V • w =» cosh ^ w • u = cosh 0 

Article 22,12 shows that the classical velocity of Q relative 
to P is Qua, or tanh 0 , that of R relative to Q ayji or tanh <f>, 
and that of P relative to R ayfrc or tanh if/. The vectors 

UA VB JVC we express as 

k tanh 0 1 tanh <f} m tanh if/ 

so that for the figure we have drawn 0 (f> are positive and if/ 
negative. 

3. From the symmetry of the figure in which u and k, v 
and 1, w and m, are three pairs of semidiameters of a 
hyperbola, the fact that (article 22,1 1) 

V = u cosh 0 + k sinh 0 

carries with it 

1 =* k cosh 0 + u sinh 0 

4. For w article 22, 1 1 gives two expressions, namely 

w =* u cosh if/ + k. sinh ( - ^) 
w =* V cosh ^ + 1 sinh <f> 

In the first the minus sign enters with if/ because if/ is 
negative. In the second substitution of their values for 

V I gives 

w = (u cosh 0 + k sinh 0) cosh ^ + (u sinh 0 + k cosh 0) sinh <f> 
«u cosh (0 + ^) + k sinh (0 + <f>). 
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Comparison of this with the first value for w gives 

- ^ ^ 
or 0 + 0 +^ = o 

5. If we put a == tanh 0 j8 = tanh ^ y = tanh ift the 
relation 0 + cj) + i/j = o gives 

a + P + y + apy == O 

that is to say : If y P Q R remaining in a straight line, a is 
the classical velocity of Q relative to P, p that of R relative 
to Qy and y that of P relative to Ry these velocities are con- 
nected by the above relation. 

6. Otherwise, to make all the quantities positive for our 
figure, we put a = tanh 0 j8 = tanh ^ y ^ tanh 0 and 
have : If a is the velocity of Q relative to P and p that of 
R relative to Qy then the « velocity of R relative to P is 

a + P 

I + ap 

7. We observe that if either of the quantities a jS in the 

preceding article is unity, so also is That is to say 

I + ap 

if observer R moves with unit velocity (the velocity of light) 
relative to observer Q, he moves with the same velocity 
relative to observer P, 

8. When the velocities are small aP vanishes compared 
with a and j8, and we have the classical law for the addition 
of velocities, namely that if a is Q's velocity relative to P 
and p Rs relative to Qy then ^'s velocity relat ve to P is 
a + j 3 . 

9. We now come to the composiiion of two velocities not 

in the same line. Let 0 [/ = VL OV^v OW~vr be 
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three unit timelike vectors heading to the future. Let k 
be a unit vector in the biplane uv normal to u, and let 1 
be a unit vector in the biplane uw normal to u. Let 

cosh 6 = cosh (f) = tiJuw cosh 0 = 

V W 



Figure ifor article^23,9. 

10. Thus by article 22,1 1 we have 

V — u cosh 0 + k sinh 0 
w = u cosh (f> + 1 sinh (f> 

and these give 

cosh 0 = V • w = cosh 6 cosh ^ + nuya sinh 0 sinh <f> 

The biplane kl is perpendicular to u and is spacelike. 
Hence (article 8,5) k and 1 meet at a Euclidian angle 
which we will call co. Then k • 1 = - cosco and our equa- 
tion becomes 

cosh 0 = cosh 0 cobh <f> ~ sinh 0 sinh ^ cosoj 

1 1 . Let u V w be the velocity vectors of three observers 
P Q R, Then the classical velocities of Q and R relative 
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to P are tanh 0 and tanh <}>, and o> is the angle between 
their directions ; and tanh tfi is the relative velocity of Q 
and R. 

We put tanhd = a tanh^ = j8 tanh^ =. y and throw 
the equation into the form 


or 


sech 0 = 
I - = 


sech 0 sech ^ 

I - tanh 0 tanh <jt cosw 

(I - a»)(l - 
(l - ajS cosco)® 


and thus have y, the relative velocity of Q and R, explicitly 
in terms of a and )S, the velocities of Q and R relative to P, 
and the angle co between them. 

12. If we put = I the formula of article 1 1 gives unity 
as the value of y also, so that if R has unit velocity relative 
to 0 , it has the same velocity relative to P, That is to say, 
if light travels with unit velocity relative to any gravitation- 
less reference system, it also travels with unit velocity relative 
to a second system which has any constant velocity relative 
to the first. 

1 3. Exercise. — Show that when the vectors u v w lie in 
the same biplane the formula of article 1 1 gives as the value 
of y 

or J. or An-® 

1 + ap I - aj3 I - ajS 


14. Exercise. — Show that when a P y are small the 
formula of article 1 1 becomes 

y* = o® + jS® - 2aj3cos<o 

the formula of classical mechanics. 
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CHAPTER 24 

THE GEODESIC 

I. Let AB be a world line, that is a line whose direction 
at every point is timelike. Let P Q be neighbouring points 

on AB^ the separation PQ being rfx. The size-number of 
PQ is 

VPQ = 

and the size of PQ or the interval of proper time from P to 



<^PQ = •Jga^dx^ 

The interval of proper time between A and B which we also 
call the size of the line is 

Now while A and B are held fast let the world line be 
slightly varied. In general this variation will change the 
size of the line. When the line is such that no change takes 
place in the size it is called a geodesic. 

2. Let P 0 i? be three points in succession along the 
curve, near together. Join PR and drop the perpendicular 
QM from Q on PR, M must lie between P and R as other- 
wise the world line would have a spacelike direction some- 
where between P and R, 5ince QM is normal to PM 

VpQ = VpM + vmq 
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Since MQ is spacelike v^q is negative and equal to - ^MQ 
SO that 

(fpQ = &PM - 


and GpQ is less than ap^ 

In the same way crgjj is less than so that the size of 
the line PQR is less than the size of PMR, * 

Thus by straightening the piece PQR of the line we have 
increased its size. And we can continue to increase the 
size by straightening until the whole line is straight, when 
the size is a maximum. 



Figure for article 24,2. 


We can state the result thus : Of all the possible world 
lines joining two points A B the interval of proper time is 
greatest when measured along the straight line. 

3 . Now let AB be a line whose direction is spacelike at 
every point, and let P Q be two neighbouring points on it. 

In this case the size-number vpq is negative and the size 
^pq is 

The size of the whole line AB Is defined as the sum of the 
sizes of its elements, that is to say it is 

fP 

156 



THE GEODESIC [24,4 

As before we define the geodesic joining A and B as any 
ine whose size is unaltered by infinitesimal variation the end 
points being held fast. Let Q R be three points in suc- 
cession on the line and near together, and let QM be the 
perpendicular dropped from Q on PR. 

4. First we suppose the biplane PQR to be of mixed 
character, and ( 3 ^ consequently timelike. M falls between 
P and R as otherwise the line would have a piece of time- 
like direction. In this case. 

vpQ ^ - <PpQ vpM ^ - (JpM Vqm = 
so that 

- o/pQ = - + oqm 

and o-pjif is greater than apQ. We deal with QR MR in 
the same way and so find that the size of the straight piece 
PMR is greater than the size of the broken line PQR. 

That is to say any straightening in a mixed biplane in- 
creases the size of the line AB. 

Again suppose the biplane PQR spacelike, so that every 
line in it is spacelike, and let QM be perpendicular to PR 
as before. In this case it is immaterial whether M lies be- 
tween P and R or not. All the size-numbers being negative 
we have 

GpQ = &PSI + uliq 

oqr =* a^M + omq 
from which, no matter how M lies, 

GpQ 4 * <tqr > a PR 

Thus any straightening in a spacelike biplane lessens the size 
of the line AB. 
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5. In the case of a spacelike line vve find that the straight 
line has neither maximum nor minimum size, the size being 
increased by one kind of variation and diminished by another. 
But its size has a stationary value. Thus let PQ be a piece 
of a straight spacelike line, 5 a point in it, and TSU per- 
pendicular to PQ. Then if the size of PTQ is greater than 
of PSQ^ so also is the size oi PUQ\ if the former is less, so 
also is the latter. That is to say whatever effect a small 


B 



distortion in one direction has, the reverse distortion has an 
effect of the same kind ; and this is the condition for a 
stationary value. 

6. Let the world line of an observer E be the straight line 
AB. From C the middle point of AB we draw CD at right 
angles, making its size v times the size of AC. Let the 
world line of an observer 5 consist of the two straight pieces 
AD and DB. This means that S’ travels away from E with 
speed V and then returns at the same speed. 
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= <^AC ■“ — (l - 

and 5 ’s interval of proper time from to ^ is a^n + <^db 

j^I - V^aAB- 

Suppose the time that elapses for £ from to ^ to be an 
hour. Then the lapse of time for 5 is only hour. 

And if 5 * travels with the speed of light, no time at all 
elapses for him. 

7. Exercise. — ^We take a second as the unit of time. In 
order that the speed of light may be unity, 3x10^° centi- 
metres must be equal to I second. On this basis show that 
the radius of the earth, 6*371 x 10® cm., is 2*124 x 10 
seconds, and that the velocity of a point on the equator 
relative to the earth’s centre is z/ = 1*544 x IQ-^. 

Let 5 be an observer on the equator and moving with the 
earth. Let £ be an observer whose world line is straight 
(ignore the motion of the earth in its orbit), and let the 
world lines of 5 and £ meet once a day. Show that the 
proper time of 5 between two meetings is times 

that of £, and that the difference between the two proper 
times is approximately seconds. 

8. This discussion of geodesics is for the local region, 

that is for a region for which the lattice functions are 

sensibly constant. In further regions the functions are 

not constant, and students who pursue the matter further 
will find that in such regions straight lines do not exist and 
that their place is taken by geodesics, defined as lines of 
stationary size. 
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There being no straight lines in the further region, the 
Euclidian definition of parallels falls to the ground, and the 
further development of the subject depends to a great extent 
on the discussion as to when two lines are to be called 
parallel. This discussion belongs to the third stage of 
relativity geometry. 
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CHAPTER 25 

THE LAWS OF MOTION 

I. The restatement of the laws of motion is a question of 
mechanics and not of geometry. We shall nevertheless 
conclude by a discussion of the motion of a particle as an 
illustration of the virtue of the method of stating laws in 
terms of fourfold vectors. 

We have seen that the velocity vector, which gives the 
change of position of a particle per unit of its proper time, 
is a quantity independent of the reference lattice used. 
Another such quantity is the vector that gives the change 
of the velocity vector per unit of proper time, and this is 
called the acceleration vector. 

If the separation of the particle from the origin is x the 
dyL 

velocity vector is u = — in which s is the proper time, and 
as 

the acceleration vector is 

- dVL d^x 
n = - = 

ds 

2. We assume the mass of the particle to be invariant and 
denote it by Since u and m are invariant, the vector mu 
is also invariant ; it is called the momentum vector. For 
the same reason the vector nita is invariant; this is the 
momentum acceleration vector. 

We introduce another vector f called a force vector and 
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put mh « f. The first three components of f correspond to 
the force of classical mechanics; what the fourth means 
remains to be seen. 

3. In order to compare these four-dimensional quantities 
with the quantities of classical mechanics we take a super- 
cubical lattice with as time coordinate and 
as space coordinates. We put 






t/x^ 


= Z/2 


dx^ 

dx^ 




dx^ 

+ 7 /^^ + z;3^;3 » vy 

that is to say 7/^ ys are the components of the velocity 
in classical mechanics, and its magnitude is v, 

4. The expression for the components of the velocity 
vector in terms of the classical velocity are 



~ ds ~ ~ - w 


u3 = V^ly/l - W »4 = l//y/l - vv 
Consequently for the acceleration vector we have, for 
a = I 2 3 

_ du"^ jds _ I d f 
ds dx^\dx^'' - yv dx^\^~Z~yy) 

and for the fourth component 


A4 


du^ I ds 
dx^jdx^ 


I d / 

\j\ - yv dx\^\ 



5. Consequently the four components of the equation 
;«h = f are 

■j' - 

d / m \ 
dx* — vvf 
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When V is small the first three of these equations become 
the classical equations which say that the rate of change 
of momentum is equal to the applied force. Thus in these 
equations we have equations of invariant form which for the 
slow motions customary in mechanics reduce to the custom- 
ary form. This is sufficient to justify the assumption of 
their universal validity as a hypothesis on which to work 
until it leads to some discrepancy. 

6. If for all values of v these equations are to mean that 
the rate of change of momentum is equal to the applied force 
we must amend certain definitions. For the mass, defined 
as the quotient of the momentum by the velocity, we must 
use 

- vv 

that is to say the mass is equal to when the velocity is 
zero while for a finite velocity it depends upon v and is 
greater than m. Thus m is the mass in a reference lattice in 
which the particle is at rest ; it is called the “ proper mass ” 
of the particle. For any other lattice the mass is (i - xrv) “ 
times the proper mass. 

As the force components in classical mechanics we take 
the first three components of the fourfold force vector, each 
multiplied by (i - vvY^^, The equations have then the de- 
sired meaning, namely that the rate of change of momentum 
is equal to the applied force. 

In confirmation of this somewhat startling departure from 
the classical laws of motion we have the experimental fact 
that for rapidly moving electrons the increase in momentum 
is greater than in proportion to the increase of velocity. 

7. We have still to consider the fourth equation of article 5. 
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That the size-number of velocity u is unity is expressed by 
the equation 

I 


Differentiation with respect to the proper time s gives 


- //3//3 = O 


or since ;;/h = f 


«4/4 = «yi + + 2/3/3 

or 

- vvf^^ - vvf'^') + 


The right side expresses the rate at which work is being 
done on the particle by the applied force, or the rate of in- 
crease of kinetic energy. And since the left side is by article 5 

equal to the quantity ;;/(i - w)“ 

only differs from the kinetic energy by an additive constant. 
To the second power of v we have 

m{(i - - 1 } = 


giving the classical expression for the kinetic energy. Thus 
in 

m[{i - vv)~ _ ij 


we have an amended expression for the kinetic energy, and 
the fourth equation of article 5 expresses the fact that the 
work done by the applied force is equal to the increase of 
kinetic energy. 
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NOTE ON THE TETRAFED 

From four vectors k 1 m n we can make 24 tctrapeds 
by different arrangements of the vectors (or we could say 
that there are 24 ways of naming the one tetraped). We 
take one tetraped klmn and name it /. Since (article 
1,19) interchange of two vectors changes the sign of the 
tetraped, there are 12 tetrapeds equal to /, namely the 12 
obtained by even permutations from klmn. The other 12 
obtained by odd permutations are equal to - /. 

The size a/ expresses magnitude only without regard to 
algebraic sign, all 24 tetrapeds have the same size, and / 
is either equal to af or to ~ erf. The size-number vf 
is always equal to - ory^ and therefore also to - /*. 

Of the two prime tetrapeds 61234 one must be 

positive and the other negative since 61234 equal to y,»6'=*-W 
and ^ is negative. It is a matter of convention which we 
make positive, and we shall choose 61234. Then since the 
size of 61234 is and that of 6^23+ we 

have 

e,2j4 = v' -It e'*34 = - I/^ -> 

Using to denote we have 

/= klmn = -g 

and also / = - /1234/v^ -g 

These are the results of article 12,9 in which 61234 has 
been assumed to be positive. 
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ANSWERS TO EXERCISES 

Each exercise is denoted by its chapter and article numbers 

2.6. The vectors ± Cr ±62 ±63 ±64 furnish four 

edges for each supercell that has a corner at O ; the choice 
of signs gives 24 or 16 supercells. The number of super- 
cells with Ci as an edge is 23 or 8 ; the number with Cm as 
a biface is 4 ; and the number with 6123 ^ triface is 2. 

2.7. The coordinates of the sixteen centres are 

±Va ±V^ 

The triplane x' = contains eight of them and x^ = 
- */2 contains the other eight. With this pair of triplanes 
parallel to 6234 three other pairs parallel to the other 

three prime volume vectors. The eight are the boundaries 
of a tetraped enclosing the origin. 

The only corner inside the enclosure is the origin. 

For edges, the supercell €1234 (like every other supercell 
of the sixteen) has the halves of four edges inside, and each of 
them is shared by 8 sjpercells, so these half edges make up 
*/2 X 4 X 16 — 8 or 4 whole edges. 

Each supercell of the lattice has a quarter of each of 6 
bifaces inside, each biface shared by 4 supercells. So the 
number of whole bifaces is */4 x 6 x 16-5-4 or 6, 

Each supercell has an eighth of each of 4 trifaces inside, 
each triface shared by 2 supercells. In all ^/s ^ 4 ^ 16-5-2 
or 4 whole trifaces. 

2,19. The six projections of P arc V A B C D E, 
the letters that are not shown in the figure being so placed 
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that OUAX OUBY OWCX OXDY OYEW are 
parallelograms. For these six points lie in the appropriate 

biplanes, while PT TV are parallel to e34, PT TA 

parallel to e24, PS SB to €23, PT TC to 614, PQ 

QD to Cia, and PQ QE to 613. 

The projection on Cia of x is or^Ci + for it is .v3C3 

f ;r4e4 a vector parallel to that we must compound with 
it to give X. And so for the other projections. 

4,13. The only limitation on the prime vectors is that 
they must be independent. We chose Ct. Then must 
not coincide with Ci. Then 63 must not lie in the biplane Cia. 
And 64 must not lie in the tri plane 6123. Each of the four 
vectors can thus be made timelike or spacelike as we please. 

5,3- e^.Ct = (^”ei + • Ci - r'Ci-Ci +^’^^ 02 * e, 

“ g^^gii + g^g^^ 

and so for e* • 62. 

5.8. The condition is that it should be possible to choose 

A fi such so as to make positive. This expression 

is 

or !(Avi + 

The numerator is capable of negative values, and the ex- 
pression capable of positive values, when is greater than 

n*'m- 

5.9. If the parallelogram Im is spacelike both the base 
1 and the height h are spacelike, so that vi 1^ are both 
negative, and s is positive. If the parallelogram is 
mixed, of base and height one must be timelike and one 
spacelike, so that must be negative. 

6,11. The prime vectors of the derived lattice of C12 lie in 
the biplane Cia and will thus coincide with e® only if €3 
is perpendicular to Cw. 

7,2. The prime vectors of the derived lattice of 6123 lie in 
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the triplane €123. e* e® e 3 are perpendicular to 64 and 
will thus lie in the triplane 6123 only if 64 is perpendicular to 

®ia3- 

9 . 8 . Let O be the origin and Ea the head of vector Ca. 
Let [/ be the projection of on the triplane 6123, so that the 

height of the five-face is h = UE^. Let a triplane parallel 



to the base E “ OE^E^E^ travel from Ej^ to 0 , When it 
cuts 64 at P and h at F let PE:^ = Ae4 so that also 

VE/^ = Ah ; let Q W correspond for the value A + ^ to 
P V. 

If the triplane through P cuts the five-face in the section 
5 EH= PFrFjiF^ we shall have 

lpt\ « Aei JPa « Ae2 7^3 = Ae3 

and 5 is a copy of the base B on the scale A : i. 
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The size of the supervolume generated by shifting the 
triped 6123 along e4 is or Since ajj = 

V6^«i 23 superprism generated by the shift of 

B along 64 is CT/iorjj or <^0^334* 

The element of supervolume generated by section .V in 
moving from position A to position A + rfA, or the clement of 
the five-face traversed by the triplane from A to A + dX, has 
size (TsCTynr or X^uiidXaY^. To obtain the size of the five- 

face we replace A 3 ^A by its integral J A 3 ^/A or Thus 

the size of the five-face is one quarter of that is a 

quarter of the superprism generated by shifting the tetra- 
hedron with edges Ci 62 63 along 64. 

9.9. With the notation of the preceding exercise the 

five-face is V6o^ei234» whence the 

required result. 

9.10. For the superprism we take that generated (in the 
figure for the answer to 9,8) by the shift of B 

along €4 to E^GiG>2,Gy We consider the four five-faces 

K ~ EipE^R 2 ,E^ 

L -'E:^GJi,E:,E^ 

M riEfi^G^E^Er^ 

N - E^G.G^G^E^ 

each being named by its five corners. We consider the 
volumes of intersection of these five- faces by the tri plane T 
whose equation is = k. T meets four of the ten edges 
of the five-face K in points whose coordinates are 

ooo#c Aook* o X o k o o X k 

being used to mean i - k. These are the corners of the 
figure of intersection of T and AT, which is a tetrahedron. 
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triangular prism whose comers are at 

ooi#c ooAk k o Xk 

o X K K o X O K K X O K 

and intersects Nina, tetrahedron whose corners are at 
o I o #c o A o #c kXok oXkk 

The figures show the four intersections, the tetrahedron 
being the intersection of T with the superprism. 
Thus the intersections of T with the five-faces build up its 
intersection with the superprism. This being true for all 
values of k we see that the five-faces K L M N build 
up the superprism. 

The section of AT by T, being one sixth of the triped of 
edges ACi Ae2 Ae3, is 

76 (I - K)3ei23 

in which €133 means the triped with edges Ci 62 63. This 
section by shifting through generates the element of 

supervolume 

76 ( I - ic)3fl/icei234 or 76 ( I - K^dK^ 

We thus have fjr the five-face #c 

The prism in which T cuts the five-face L has edges 
#cei A(e3 - Cl) A(e3 - Ci) 

and by shifting its corners along the parallel edges we obtain 
an equal prism with edges 

K^i X€2 Xe^ 

The vector expression for the section is thus ^/2/c(i ~ 

A shift along dKt^ generates the supervolume 
- #c)*rficei234, and the supervolume L is 

VaV' “ V~->/24 
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The section of M has edges fcCi A(e2 - 63) #ce3, its vector 
expression is ^I2K%i - #0)6123 

M «= - /c)rffC = ^”17^/24 

The section of N has edges #cei 1062 #063 and vector 
expression ^I6k^i2s so that 

N = -,^,7^4 

Thus the four five-faces into which we cut up the super- 
prism are equal. 

The equality of the five-faces can also be shown geo- 
metrically. Two five-faces on the same tetrahedral base and 
of the same height arc equal because the two tetrahedra in 
which they are cut by any triplane parallel to the base are 
congruent. The five-face E^GiEiE^E^ is equal to 0 GiEtE 2 E^ 
because E^O the join of the vertices is parallel to GiEi which 
lies in the common base GxEiE2E^; and OGiEiE^E^ is 
equal to GEj^E^E^E^ because G^Ej^ the join of their vertices is 
parallel to EiO which lies in their common base. Similarly 
E^GiG^E^E^ =s OGiG^E^E^ ^ OE^G^E^E^ = OEiE^E^E^ 
and 


E^G^G^G^E^ - OGyG^G^E^ - OEjG^G^E^ 

= OE^E^G^E^ == OE^E^E^E^ 

That is to say the first five-face is equal to each of the other 
three. 

11,3. If the corners of the circuit are P Q R S, the 
film may consist of triangles OPQ OQR ORS. 

11,9. First we put e3 = and obtain 

61626304 « 6i62(^33^’44e3e4 - ^'■3434e,2^ = 

Using the derived lattice we obtain ^jaT2e*234= - gx^x^js/^^ 
So that 


«^1212 =* gg^^ 
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11. 10. CiCae^e^ = which expression gives 

finite terms only when 0=3 <6 = 4 and when 0 =» 4 
^ « 3, so that its value is ^^-^1626364. Also the given 
expression is equal to or, since 0 ^ a jS 

must be unequal to give finite terms, equal to ^i2yfie*e^3e4 
in which y S are such as to make a j8 y 8 an even 
permutation. This gives the result stated. 

12,5. Let us assume A == o = o. Then of the 
six equations five take the form 

^ ^1:13 / 2;;/4 = hlfl^ = 

which can be looked on as giving ;;/3 ;;/4 /a /3 in 
terms of /\ With these values substituted the sixth equation, 
7/;/23 = becomes + a^ 3 a ^4 4. = o. Thus 

the vectors 1 m which we have determined satisfy all the 
conditions. 

12. 11. The determinant /;;////’234 can be expanded as 

+ Tm^^np^ 

+ lm^4np^^ + + hny^np^^ 

whence the result. 

12,12. e‘^^epe,r is equal to 

changing 0 ^ to - and so by addition to 

We take p <7 t w to be an even permutation froin i 
234. Our expression contains two finite terms which 
are given by 0 == r ^ = a> and 0 == to ^ = r, so that 
the expression is 

or V ’-"Z" 

€1234 being assumed to be positive. 

Similarly, e^=*34 being negative, we obtain 

“ ~ g 

where a )3 y 8 are an even permutation, and the equating 
of the two values gives the required result. 
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12,13. The determinant 

gii ^12 ^13 ^14 

^21 ^22 ^23 ^24 

^pi ^p3 ^p4 

^<ri ^^2 ^ir3 ^«r4 

is equal to the given expression, and has the required values 
for the various values of p a. 


Again 


rs^ =» 


and — 

so that * 






g2K 

^lA ^A 


V4s/ - 


r^K 




The first part of the exercise shows that the finite terms of 
this expression are given by 

If =3 3 A = 4 and x =* 4 A =» 3, 
so that we have 

=• ^laJ^g{uV3ijg - UVjg} 

*^34 /V-^ 


which is the result stated. 

13,5. The two processes give the same result, namely 
ka^tVix + ktsrutViB + niron,OTfi + tnt)7atti*<ui + • • • 

13.8. . X =■ 

= = Sk-vJbi 

which is the expression of article 2. 

13,17. We determine 1 m as in exercise 12,5 so that Im 
is equal to the area vector ^ken a'^ is /m'* 

and _ 

A = int^Gjip = = Im - ml 

14.9. The vanishing of a.b is the condition that each 
area vector contains a direction that is perpendicular to the 
other. 
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We^ take a and b in the forms kl and mn. We put 
: » ick + A 1 s » fita + vn so that r lies in a and s in b. 
3 is perpendicular to a if r.s vanishes for all values of 
jf K A, that is if 

k . (ftm + vn) =a o 1 . (jim + vn) == o 

and there is a vector s that lies in b and is perpendicular to 
af if it is possible to choose fi v so as to satisfy these equa- 
tions. The condition for this is 

o = k . m k . n = ;;/* ft a =* Va « a . b 

1 . m 1 . n 

14.10. We have a.Cia = If a or jS is 3 

or 4 e®^ contains a direction perpendicular to Cm and . Cia 
vanishes. Thus the only finite terms are those given by 
a = I j 3 = 2 and a = 2 jS « i, and the right side of 
the equation is am. 

We denote the projection of a on e,2 by b Then 

<3:12 = a . Cia = b • Cia = /cCia . Cia = K^iaia 

and the projection b is ^laCia/^iaia. 

14.11. Let X denote the head of vector x, and so for the 
other vectors. Let the two triangles that make the film be 
XTS XVT, The six area vectors are the halves of 

(x - s)(t - x) (y - x)(t - x) yx xs st ty 
and when the first two are multiplied out the sum is seen to 
be zero. 

14.12. In a.b = a = ea^ b = e^a. 

Then = i and the other vani.sh ; « 

- I and the other vanish. Thus 

e.^*e,8 = 

Again we put a» b = e*" sothat a*® = -«**=»! 
and the other ef* vanish ; =• - = I and the other 

vanish. Hence + 
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And^tais I if p = I a == 2 , it is - I if p = 2 cr « I, 
otherwise it is zero. 

15,11. The vanishing of v.w is the condition that each 
volume vector should contain the direction perpendicular to 
the other. 

We take v in the form klm and w in the form rst Let 
p = ick + A 1 + fim q = pr + as + rt so that p lies in 
V and q in w. The condition that q is perpendicular to v is 
that q.p vanishes for all values of /c A /x. q will 
satisfy this condition and at the same time lie in w if we can 
determine par so that (pr + aS + rt) . k (pr + aS + rt).! 
(pr + as + rt) • m vanish ; the condition for which is 


k«r 

k.s 

k.t ~ 


4 

l.r 

1-s 

l*t 


H 

m.r 

m«s 

m.t 




= ^6 khn^^rsta^^y = V . w 


15,12. We have v.eiaa = V6^a/8ye“^*ei23 and if a or j 3 
or y is 4 contains the normal to €123 so that the term 
vanishes. The only finite terms are the six for which a j8 
y are permutations of i 2 3, and the value of the right 
hand side is z;i23. 

We denote the projection of v on 6123 by w = Kei23. 

Then 

2^123 = v«ei23 ~ w«eT23 = xei23»ei23 ~ x^i23T23 
so that the projection w is 

^'1236123/^123123 

16,17. By article 7 
by article 2 ~ 

and by article 6 ep = 
so that 

C.E = = e“8|;ep = I. 
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16^23. If X is converted to zero by forehand action 

must vanish. By taking x normal to the triplane klm we 
can make the coefficients of p q r zero, but since n is not 
in klm the fourth term remains finite. By giving x an 
appropriate direction we can obtain zero components in any 
three directions, but a finite component will remain in a 
direction perpendicular to these. 

The reasoning is similar for backhand action. 

16,24. The forehand stroke of kp + Iq + mr converts 
to zero a vector perpendicular to klm, and the backhand 
stroke one perpendicular to pqr ; a single direction in each 
case. 

The vectors x converted to zero by the forehand stroke of 
kp + Iq are given by k.x « 1.x « o, that is they lie 
in a biplane. And so for the backhand stroke. 

All the vectors in the triplane k • x =» o are reduced to 
zero by the forehand stroke of kp, and all in p . x « o by 
the backhand stroke, 

17.3. The vector e® converts to c* since 

R.e* =* CpC^.e* = =• A*^Cp =* c* 

and the congruence follows from the fact that all size- 
numbers are left unaltered. 

18.3. When X lies in 6123 e 4 . x vanishes so that Qi23.x = x. 

Also e4.e4 « I so that Qi23*C4 « 64 - and 

e 4 .e 4 « ^ so that Qi23*e4 « e 4 - 2e4 « - e». 

20.4. We have to find what values of will satisfy 

in which 

and u is a velocity vector. We put 

^ == ' a « I 2 3 4 
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The first equation then gives 

^44 “ ,rp»^44(«'’ + 

or I = + 2g^i‘z" + g^sfiz’ 

In accordance with the data we make ifl lii vanish and 
the equation becomes 

2!^gi^f + ^^gA^ = O 

and has the two roots 

xr4 = o z* ^g^olg^ 2 ujg^ 

SO that £^4 has the two values 

«Vi^ «Vi^ - 2«4/x/i^ 

Considered geometrically we have to find a vector x which 
has size-number ^44 and has =» ^ 

This says that the head of the vector is a 
point of intersection of the contour of size-number ^44 by the 
straight line given by the values of x^ ;r 3 . This 
straight line is parallel to 64 and therefore perpendicular to 
the triplane e^® 3 . The figure is thus symmetrical about the 
triplane (for the system of contour trisurfaces has complete 
symmetry with respect to any timelike vector at the origin 
and with respect to any spacelike triplane through the origin) 
and the two intersections are images of one another in it. 
The head of the vector satisfies the conditions and is 

one of the intersections, so that the other is the head of its 
image, that is to say (article 18,2) the head of 
(I - 2e4e^lg^).'a,^ or 
20,9. The classical velocity expressed as a vector is 

MLjaofj. Since oom = UTu/ok we have 

OM = kuTu/*^ and 

v^L = n(l - OM^ = Ivji - km,] 
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and the required velocity is 

(K (I) 

or 73 (2) 

We now consider the vector 

q =- V2 

Since written out in full is 

{katfi - 

or - X’a/fe‘^8g - k^k^h'^ + k^k^’hi 

we can express q*q as the sum of four quantities of which 
one is 

^ - ^Uid^k^k^k, 

By interchanging a jS and adding the two expressions we 
have 

or since kla^k^, + kl^pka + flpakf^ =* « o 

2 <l> == ^l^kil^kf^k/afikf, 
so that by article 12,6 

40 = »i«1d 

Each of the other three quantities has the same value as 
so that the size number of q is and the size-number of 

expression (2) is 

or 

23,13. When the three vectors lie in the same biplane the 
angle to is either o or tt. In the former case we have 
y2(i - apy = (I ^ apy - (I - a")(i - i3-)‘= (a - jS)* 
and the two values of y are 

(a - i8)/(l - and (/3 - o)/(l - ap) 

When <0 = TT 

+ aj8)® = (i + apy — (l — a®)(i jS*) ®“ (a + jS)* 
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SO that y = (a + j 3 )/(i + aj 3 ). We ignore the negative 
value as that only means measuring the velocity in the re- 
verse direction. 

23,14. To the second order of small quantities 

I - y2 (i - a®)(i - j32)(i + 2aj3cos w) 

= I - - j3® + 2aj3 cos co 

24,7. In seconds the radius is 

6-371 X 10® -r 3 X 10^® = 2-124 lO"*® 

A point on the eq uator travels a distance of27rx2-i24x io“® 
seconds in a time-lapse of 86,400 seconds, so that 

z; « 27 r X 2-124 X 86,400 = 1*544 X lo-^ 

Let a pair of triplanes perpendicular to E*s world line and 
close together cut elements dk di from the world lines of 
E and 5 . Then the relation ^ is true of 

the elements and therefore of finite portions of the lines. E*s 
day being 86,400 seconds, that of 5 is 86,400 (i - v^l 2 ) 
seconds, and the difference is (in seconds) 

86,400 X 1-544* X lo"*** -r 2 
or 10 "■7, 
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Contour system 3,8 
Coordinates of a point or point-event 
2,2 

Curvature of the Fourfold 2,11 

Derived comtranents 4,7 
Derived coordinates 4,7 
Derived lattice in a threefold 6,9 
Derived lattice in a twofold 5,10 
Derived lattice in the fourfold 7,1 
Dyped i,i6 

Fiveface 3,26footnote 
Foot of a vector 1,2 


Force 25,6 
Force vector 25,2 
Forehand stroke of a tensor 13,2 

Geodesic 2,11 24,1 24,8 

Head of a vector 1,2 
Height of a parallelogram 5,4 
Height of a tetraped 7,3 
Height of a triped 6,5 
Horn of a tricone 3,5 

Identity operator 13,11 
Indices, affixes, powers 2,1 
Inner product 4,5 

Inner product of two area vectors 
14,8 

Inner product of two volume vectors 
i5»8 

Invariant 3,1 

Lattice 2,4 
Line vector i,2 
Local region 2,ii 
Local time 19,14 

Magnitude of a separation or vector 
2,10 3,3 
Mass 25,6 

Mixed biplane or triplane 3,i7foot- 
note 

Momentum acceleration vector 25,2 
Momentum vector 25,2 

Notation see after Index 

Operator 13,1 
Orientation i,8footnote 
Original and derived lattices 5,10 
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Orthogonal projection 3,24 
Outer product i2yCfootnote 

Parallelism 2,12 3,25 
Parallel projection 2,14 
Perpendicularity 3,23 
Pointer of a triped ii,ii 
Point-event 2,10 
Powers, indices, affixes 2,1 
Prime vector 2,2 
Product of two operators 13,4 
Projection, parallel 2,14-2,18 
Projection, orthogonal 3,24 
Projector 2,14 14,1 
Proper mass 25,6 
Proper time 19,5 ig,g 

Reciprocal operators 16,16 
Reference lattice 2,1 
Reference system 16,22 
Rotation 17,^ 

Rotation operator 20, i 

Scalar 1,17 

Selt-conjugate operator 13,14 
Separation 2,10 

Size of area vector or volume vector 
of irregular boundary 9,4 9,7 
Size of parallelogram 5,4 
Size of separation or vector 2,10 3,3 
Size of tetraped 7,3 
Size of triped 6,5 
Size of world line 24,1 
Size-number of parallelogram 5,4 


GEOMETRY 

Size-number of separation or vector 
3.3 

Size-number of tetraped 7,3 
Size-number of triped 6,5 
Skew-symmetrical operator 13,16 
Spacel ike biplane or triplane 3, i7foot- 
note 

Spacelike vector 3,3 
Summation of affixes 2,3 
Super- 4,ifootnote 
Supercell 2 5 
Supercube 4,ifootnote 
Supercubical lattice 4,1 11,15 
Superprism 7,9 
Supervolume 1,17 
Symbols see after Index 
Symmetrical operator 13,16 
System of reference 16,22 

Tensor operator 13,1 
Tetraped 1,16 
Timelike vector 3,3 
Tn- 3,i5footnote 
Tricone 3,4 
Triconicoid 3,i5footnote 
Trihyperboloid 3,6 
Triped i,t6 
Tnplane 1,1 
Trisurface i,i 

Volume vector 1,15 

Warping of the Fourfold 2,11 
World line 19,1 
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TABLE OF SYMBOLS 


with the articles in which they are introduced 


Ca e* prime vector 2,2 7,1 
e«|8 prime area-vector 2,4 
CajSy ^ prime volume-vector 
2,5 

OP 1 m line-vector 1,3 2,2 
a b Im area-vector 1,3 
V w Imn volume-vector i,ii 
f Imnp fourfold volume or 
supervolume 1,17 
4 line- vector components 2,2 

4,7 _ 

I'^n^ Inia^Q area -vector 
components 12,1 

Imn^ Imn^ volume- 
vector components 12,7 
vqp Itl size-number of line- 

vector 3,3 4,5 

Va a* a size-number of area- 

vector 5,4 5,7 12,6 
J'v V]m size -number of 

volume- vector 6,5 6,8 12,8 
Vf uininp size-number of super- 
volume 7,3 

Gop 01 size of line-vector 3 3 
O’* ojm size of area- vector 5,4 
(Ty (Jiinn size of volume- vector 6,5 
Gf oininp size of supervolume 7,3 


Im Imn Imnp outer products 
of line-vectors 12,1 ? 
tUia I • inner product of line- 
vectors 4,4 4,5 

^ab ^}m,n inner product of 
area-vectors 14,7 14,8 

inner product 

of volume- vectors 15,7 1 5,8 
A tensor operator 13,1 

components of 
operator 13,7 13,9 
A • B AB product of operators 

13,4 

x.A A.x jk A, x.A.y A 

action of operator 13,2 13,6 
A conjugate operator 13,4 
I identity operator 13,11 
- 1,5 

1 4.11 

g^ lattice constants 4,1 
4,9 

g^' 6,1 6,10 
g^^ 4,10 

^ inclination numbers 8, 1 

d,»r *^>3 

S 20,11 
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Armstrong (W. W.) 
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net, 

Bain (F. W.) 
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OF THE Sun. a Heifer of the Dawn. 
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Draught of the Blub. An Essence 
OF THE Dusk. An Incarnation of 
the Snow. A Mine of Faults. The 
Ashes of a God. Bubbles of the 
Foam. A Syrup of the Bees. The 
Livery of Eve. The Substance of a 
Dream. All Fcap, 8vo. net. An 
Echo op the Spheres. Wide Demy 
8c» lot. 6d. net. 


Baker (G. H. Collins) 

Crome. Illustrated. Quarto, £s 5 f» 
net. 


Balfour (Sir Graham) 

The Life of Robert Louis Stevenson. 
Twentieth Edaion, In one Volume, 
Cr. 8vo. Buckram, 7r. 6d. not, 

Belloc (HUalre) 

Paris. The Pyrenees. Each 8t. 6d. 
net. On Nothing. Hills and the Sea. 
On Sombthino. First and Last. 
This and That and the Other. On. 
Each 31. 6d. net. On Everything. 
On Anything. Each 6t. net, Marie 
Antoinette. i8t. net, A History of 
England. In 4 vols. Vol. I, to 1066. 
151. net. 

Birmingham (George A.)' 

A Wayfarer in Hungary. Illustrated. 
Oroton 8vo. 8t. 6d. net, 

Bowen (Frank G.) 

The King’s Navy. Illustrated. Feap, 
4<o. 7t. td, net, ^ 

Brlnton (Selwyn) 

The Golden Age of the Medici. 
Illustrated. Demy Svo, ist. net. 
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BuUey (M. H.) 

Art and Counterfeit. Illustrated. 

Demy 4to. i 5 f> 

Campbell (Olwen Ward) 

Shelley and the Unromantics. 
Illustrated. Second Editiont Revued* 
Demy 8 vo. i 6 r. net. 

Chandler (Arthur), DJ)., late Lord 
Bishop of Bloemfontein 
Ara Cceli. s». net. Faith and Experi- 
ence. 5*. fief. The Cult OF THE Pass- 
ing Moment. 6r. nef. The English 
Church and Reunion. 51. Scala 
Munoi. 4f. 6d. rut, 

Chesterton (G. K.) 

The Ballad op the White Horse. 
All Things Considered. Tremen- 
dous Trifles. Charles Dickens. All 
Feap.%vo. 3i.6d.11ef. Fancies VERSUS 
Fads. Alarms and Discursions. A 
Miscellany op Men. The Uses op 
Diversity. All Feap. 8 uo. 6i. net. 
Wine, Water, and Song. Fcap. 8 w. 

It. 6d. net. 

Clutton-Broclc (A.) 

What is the Kingdom of Heaven? 
Essays on Art. Shakespeare’s Ham- 
let. Each sf« ffet. Essays on Books. 
More Essays on Books. Essays on 
Life. Each 6s. net. Shelley, the 
Man and the Poet. 7 e> 6 d. net. 

Govrling (George H.) 

A Preface TO Shakespeare. Illustrated. 
Croum 8vo. f^t. 

Dark (Sidney) and Grey (Rovrland) 
W. S. Gilbert : His Life and Letters. 
Second Edition. Demy 8vo. 151. net, 
Dolls* House (The Queen's) 

The Book of the Queen’s Dolls* 
House. Vol. I. The House, Edited 
by A. C. Benson, C.V.O., and Sir 
Lawrence Weaver, K.B.E. Vol. 11 . 
The Library, Edited by E. V. Lucas. 
Profusely Illustrated. A Limited Edi- 
tion. <^oum 4fo. 61. net. 
Everybody’s Book op the Queen’s 
Dolls' House. An abridged edition 
of the above, lllustraied. Croton 4fo. 
Sf. nef. 

Edwardes (TIdmer) 

The Lore op the Honeybee. Tfttr- 
teenfft Edition. Croton Svo. V* 6d, 
net. Beekeeping for All. Croum 
Svo. 3i. 6d. net. The Bee-Master of 


Warrilow. Third Edition. Croum 
8 cn>. 7 i. 6d. nef. All Illustrated. Beb- 
Keepino Do’S and Don’ts. Fcap. Svo. 
zs. td, net. 

Einstein (Albert) 

KELATivirY : The Special and Gen- 
eral Theory. Croton Svo. 51. net. 
Sidelights on Relativity. Croton 
Svo. 3i. 6d. net. The Meaning of 
Relativity. Croton Svo. st. net. 

Other books on the Einstein Theory 
An Introduction to the Theory of 
Relativify. By Lyndon Bolton. 
Croton Svo. 51. net. 

The Principle of Relativity. By 
A. Einstein, H. A. Lorbntz, HL 
Minkowski and H. Wbyl. With 
Notes by A. Sommbrfbld. Demy Svo. 
izt, 6d. net. 

Write far Complete Littt 
Pltsgerald (Edward) 

The Ruba’iyat op Omar Khayyam. 
Illustrated by Edmund J. Sullivan. 
Wide Croton Svo. lof. 6d. rut, 

Forrest (H. Edward) 

Tub Old Houses of Stratford-upon- 
Avon. Illustrated. Crown Svo. 
•ft. 6d. net. Also an edition limited to 
250 copies, Fccp, 4fo. aif. net, 

Fyleman (Rose) 

Fairies and Chimneys. The Fairy 
Gkeln. The Fairy Flute. The 
Rainbow Cat, Eight Litfle Plays 
FOR Children. Forty (jood-nioht 
Tales. Fairies and Friends. The 
Adventure Club. Each 3s. 6d, net 
A Small Cruse, 4^- The Rose 

Fyleman Fairy Book. Illustrated. 

Croton 4fo. loi. 6d, net. 

Gibbon (Edward)) 

The Decline and Fall op the Roman 
Empire. With Notes, Appendixes, and 
Maps, by J. B. Bury. Illustrated. 
Seven volumes. Demy Svo. i 5 f> set 
each volume. Also, unillustrated. 
Crown Svo. 71. 6J. nef each volume. 

Glover (T. R.) 

The Conflict op Religions in the 
Early Roman Empire. Poets and 
Puritans. From Pericles to Philip. 
Virgil. Each tot. 6d. net. 

Gotcb (J. A.) 

Old Enoush Houses. Illustrated. 
Demy Svo. x6i. net. Also an edition 
limited to so copies, zs. net. 
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The World wb Laugh in: More 
Deportmental Ditties. Illustrated by 
'*Fish.** Fifth Edition, Fcap. Svo. 
St , tut . 

Grahame (Kenneth) 

Thb Wind in the Willows. Sevens 
Uenth Edition. Crown 8 vo. *js. 6 d, 
net. Also, Illustrated by Nancy 
Barnhart. SnuUl 4to. xor. 6 d, net. 
Hadfleld (J. A.) 

Psychology and Morals. Sixth 
Edition, Crown 8vo. 6t. net, 

HaU (H. R.) 

The Ancient History of the Near 
East. Sixth Edition, Revised, Domy 
8vo. £x IS , net . 

Hamer (Sir W. H.), and Hutt (G. W.) 
A Manual of Hygiene. Illustrated. 
Den^ 8t». £i lor. tut. 

Hays (Mary) 

The Love Letters of Mary Hays. 
Edited by A. F. Wsdo. Demy 800. 
izi. 6 d, net, 

H^lett (Maurice) 

The Letters of Maurice Hewlett. 
Edited by Laurence Binyon. Ulus* 
trated. Demy 8vo. i8r. net. 

Hind (A. M.) 

A Catalogue of Rembrandt’s Etch- 
ings. Two Vols. Profusely Illus- 
trated. Wide Royal Zvo, £i iss. net. 
Holdsworth (W. S.) 

A History of English Law. Nine 
Volumes. Den^ 8vo. £i ss. net each, 
Hudson (W. H.) 

A Shepherd's Life. Illustrated. Demy 
8vo. 105 . td. net. Also, unillustrated, 
Fee^, Zvo, 31. 6d. rut, 

Hutton (Edward) 

Milan and Lombardy. The Cmra 
of Romagna and the Marches. 
Siena and Southern Tuscany. Ven- 
ice and Venetia. The Citips of 
Spain. Naples and Southern Italy. 
Illustrated. Each, 8s. 6 d, net, A WAY- 
FARER IN Unknown Tuscany. The 
Cities of Ubibria. Country Walks 
ABOUT Florence. Rome. Florence 
and Northern Tuscany. Illustrated. 
Each, 7s. 6d. neL 
Imms (A. D.) 

A General Textbook of Entomology. 
Illustrated. Royal 800. £i 161. net. 


Inde (W. R.), D J>., Dean of St. Paul’s 
Christian Mysticism. (The Bampton 
Lectures of 1899.) iSixiA Edition. 
Crown 800. yr. 6 d, net. 

KlpUnd (Rudyard) 

Barrack-Room Ballads, ajard Thou~ 
sand. 

The Seven Seas, lyznd Thousand, 
The Five Nations. i38tA Thousand. 

Departmental Ditties, nith Thou- 
sand, 

The Years Between, gsth Thousand. 
Four Editions of these famous volumes 
of poems are now published, via. : — 
Crown 8tMi. Buckram, •js. 6 d. net. Fcap, 
8vo. Cloth, 6 s.net, Leather, 'js. 6 d.net. 
Service Edition. Two volumes each 
book. Square Feap, 8vo. 3f. net each 
volume. 

A Kipling ANTHOLOGY—Verse. Fce ^. 
Zvo. Cloth, 6 s, net. Leather, •js, Q. 
net. 

Twenty Poems from Rudyard Kip- 
ling. 4i*jth Thousand. Fcap, 8vo. 
IS. net, 

A Choice of Songs. Second Edition. 
Feap. 8vo. as. net. 

Lamb (Charles and Mary) 

The Complete Works. Edited by 
E. V. Lucas. A New and Revised 
Edition in Six Volumes. With Fronus- 
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Prose. II. Elia and the Last Essays 
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Letters. 

Selected Letiers. Chosen and Edited 
by G. T. Clapton. 8eio. ss. 6 d. 
net. 

The Charles Lamb Day Book. 
(implied by E. V. LuCAS. 8uo. 

6f. fief. 

Lankeater (Sir Ray) 

SaENCE FROM AN Easy Chair. SaENcs 
from an Easy Chair : Second Series. 
Diversions of a Naturalist. Great 
and Small Things. Illustrated. 
Crown 8no. yr. 6 d, net. Secrets of 
Earth and Sea. Illustrated. Croum 
StWi 8s. 6 d, net. 
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Lodtfe (Sir OUrer) 

Man and the Universe (Tteentieth Edi- 
tion), The Survival of Man {Seventh 
Edition). Each Croton 8u}. 7s. 6d. 
net. Raymond {Twelfth Edition). 
Demy Svo. lot. 6d net. Raymond 
Revised. Crown %vo. net. Rela- 
TlviTY(S'eeomfEd!(<ibit). Fcap. 8vo. is. net. 
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The Life of Charles Lamb, a Vola. 
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R.A. a Vols. £6 6s. net. Vermeer 
of Delft. 10s. 6d. net. A Wanderer 
in Holland. A Wanderer in Lon- 
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Florence. A Wanderer in Venice. 
Each I os. 6d. net. A Wanderer among 
Pictures. 8s. 6d. net. The Open Road. 
6s. net. Also, illustrated. los. 6d. net. 
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Cloud and Silver. A Boswell of 
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7s. 6d. net. You Know What People 
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An Iniroduction to Social Psycho- 


logy {Nineteenth Edition), 8s. 6d. net. 
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Decay. 6s. net. An Outline of 
Psychology. las. net. Body and 
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Problems, ys. 6d. net. 
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net. Death. 3s. 6d. net. Our Efer- 
nity. 6s. net. The Unknown Guest. 
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On the Spanish Main. 8s. 6d. net. A 
Sailor’s Garland. 6s. net. Sea Life 
IN Nelson’s Time. 5s. net. 
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Each Fcap, 800. Cloth, 6s. net. 
Leather^ ys. 6d. net. 

MUne (A. A.) 

Not that it Matters. If I May. 
Each 3s. 6d. net. When We were Very 
Young. Illustrated by E. H. Shei'ARO 
Tw^fth Edition. 102nd Thousand, ys. 6d. 
net. Leather, los. 6d. rut. For the 
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Other Verses, is. 6d. net. 

Milne (A. A.) and Fraser-Simson (H.) 
Fourteen Songs from "When We 
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3 S. 6d. net. 

Montague (G. E.) 

Dramatic Values. Croon 8uo. ys. 6d. 
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Newman (Tom) 

How to Play Billiards. Illustrated. 
Crown Svo. 8s. 6d. rut. Billiard 
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Middle Ages» a.d. 378-1 485* Second 
Edttiont Revised and Enlarged. 2 Vols. 
Illustrated. Demy Svo. £i i 6 s. net, 

Oxenham (John) 

Bees in Amber. SmaU Pott Svo. as. 
net. All’s Well. The Kino’s High* 
way. The Vision Splendid. The 
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Small Pott Svo. Paper^ is, 3d. net. 
Clothe as. net. Winds of the Dawn. 
as. net. 

Perry (W. J.) 

The Origin of Magic and Religion. 
The Growth of Civilization. Each 
6 s. net, *rHB Children of the Sun. 
iSs net, 

Petrie (Sir Flinders) 

A History of Egypt. In 6 Volumes. 
Vol. 1 . From the 1 st to the XVIth 
Dynasty. Eleventh JSdtStbn, Revised, 
las. net, 

Vol. II. The XVIIth and XVIIIth 
Dynasties. Seventh Edition, Revised, 
gs, net. 

Vol. III. XIXth to XXXth Dynas- 
ties. Third Edition, las. net, 

Vol. IV. Egypt under the Ptole- 
maic Dynasty. J. P. Mahaffy. 
Second EdiUon, gs, net, 

Vol. V. Egypt under Roman Rule. 
J. G. Milne. Third Edition, Revised. 
las. neu 

Vol. VI. Egypt in the Middle Ages. 
Stanley Lane Poole. Fourth Edition. 
los. net, 

Ralel^ (Sir Walter) 

The Letters of Sir Walter Raleigh. 
Edited by Lady Raleigh. Two Vols. 
Illustrated. Demy Svo. £i 10s. net, 

Rlce-Oxley (L.) 

Oxford Renowned. Illustrated. 
Demy 800. i8s. net. 

Smith (Adam) 

The Wealth of Nations. Edited by 
Edwin Cannan. a Vols. Demy Svo. 
£1 5f* net. 


Ballads. A Book of Famous Ships. 
Ship Alley. Full Sail. Each, illus- 
trated, ts, net. The Return of the 
“Cutty Sark.” Illustrated. 3r. hd. net, 

Sommerfeld (Arnold) 

Atomic Structure and Spectral 
Lines. Demy Svo. £1 12s, net, 

Stevena (F. E.) 

The New Forest Beautiful. Illus- 
trated. Crown Svo. Sr. 6d. net, 

Stevenson (R. L.) 

'The Lkiters. Edited by Sir Sidney 
Colvin. 4 Vols. Fcc^, Svo. Each 
6 s, net, 

Stratton (F. J. M.) 

Astronomical Physics. Demy Svo. 
iSs. net, 

Surtees (R. S.) 

Handley Cross. Mr. Sponge’s 
Sporting Tour. Ask Mamma. Mr. 
Pacby Romford’s Hounds. Plain or 
Ringlets ? Hillingdon Hall. Each, 
illustrated, 71. 6 d. net. Jorrocks’s 
Jaunts and Jollities. Hawbuck 
Grange. Each, illustrated, 61. net, 
Thomson (J. Arthur) 

Whaf is Man I 6 s. 6 d. net. Science 
AND Religion. 71. 6 d. net. 

Tilden (W. T.) 

’The Art of Lawn ’Tennis. Singles 
and Doubles. Each, illustrated, 6 s. 
net. The Common Sense of Lawn 
Tennis. Illustrated. 51. net, 

TUeston (Mary W.) 

Daily Sfrength for Daily Needs. 
3 Ilf Edition. 31. 6 d. net. India Paper, 
Leather, 6 s. net, 

Underhill (Evelyn) 

Mysticism (Tenth Edition). 159. net. 
The Life of the Spirit and the Life 
OF To-day (Sixth Edition), js, 6 d. 
net. 

Vardon (Harry) 

How to Play < 3 olf. Illustrated. 
i 9 th Edition, Crown Svo. St. net. 

Waterhouse (Elisabeth) 

A Little Book of Life and Death. 
aand Edition, Small Pott Svo. 2S, 6d. 
net. 
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mide (Ommt). 

The Works. In i6 Vols. Each 6d, 
net. 

I. Lord Arthur Savilb’s Crimb and 
THE Portrait of Mr. W. H. II, Thb 
Duchess of Padua. III. Poems. IV. 
Lady Windermere's Fan. V. A 
* Woman of No Importance. VI. An 
Ideal Husband. VII. The Impor- 


TANCB OF Being Earnest. VIII. a 
House of Pomegranates. IX. In- 
tentions. X. Db Profundis and 
Prison Letters. XI. Essays. XII. 
Salome, A Florentine TBaoedy, and 
La Saints Courtisane. XIII. A 
Critic in Pall Mall. XIV. Selected 
Prose of Oscar Wilde. XV. Art and 
Decoration. XVI. For Love of the 
King. 51. net. 


PART II. A SELECTION OF SERIES 


The Antiquary's Books 
Eacht illustrated, Demy 8vo. los. td. net, 
A series of volumes dealing with various 
branches of English Antiquities, com- 
prehensive and popular, as well as 
accurate and scholarly. 

The Arden Shakespeare 
Edited by W. J. CRAIG and R. H. Case. 
Eachf wide Demy 800. 6s. net. 

The Ideal Library Edition, in single 
plays, each edited with a full Introduc- 
tion, Textual Notes and a Commentary 
at the foot of the page. Now complete 
in 39 Vols. 

Oaealca of Art 

Edited by J. H. W. Laino. Each, pro- 
fusely illustrated, wide Royed 8 vo. 15s. 
net to £3 3s. net. 

A Library of Art dealing with Great 
Artists and with branches of Art. 

The ** Complete " Series 
Demy 800. Fully illustrated. 

Airman. 16s. net. Amateur Boxer. 
lor. 6d. net. Athletic Trainer. 
lor. 6d. net. Billiard Player, ios. 6d. 
net. Cook. ios. 6d. net, Foxhunter. 
i6s. net. Golfer. las. 6d. net. Hockey 
Player, ios. 6d, net. Horseman. 15s 
net, Jujitsuan (O. See.). 5s. net. 
Lawn TRnnie Player. las. td, net. 
Motorist, ios. td. net. Mountain- 
eer. i8s' net. Oarsman. las. td. net. 
Photographer. 12s. td. net. Rugby 
Footballer, on the New Zealand 
System. las. td. net. Shot. i6s. net. 
Swimmer, ios. td. net. Yachtsman. 
tSt. net. 


The Gonnolssear'a Library 
With memeroitt Ilhatrathm, Wide 
Royal 800. £i i IS. td. net each vol, 
European Enamels. Fine Books. 
Glass. Goldsmiths' and Silver- 
smiths’ Work. Ivories. Jewellery. 
Mezzotints. Porcelain. Seals. 

The Do's and Don'ta Series 
Fci^. 8vo. as. td. net each. 

Thb aeries, although only in its in- 
fancy, is already famous. In due course 
it wUl comprise dear, crisp, informative 
volumes on all the activities of life. 
Write for fuU list 

The Llbraiy of Devotion 
Handy editions of the great Devotional 
books, well edited. Small PoU Scio. 
3s. net and 3s. td. net. 

Little Books on Art 
Well Illustrated. Dem itmo. Each 
5t. net. 

Modem Masterpieces 
Feep. 809. 3t. hd. each volume. 
Pocketable Editions of Works by A. A. 
Milne, Joseph Conrad, Arnold 
Bennett, G. K. Chesterton, E. V. 
Lajcas Hilaire Belloc, W. H. Hudson 
and Robert Lynd. 

Sport Series 

Mostly Illustrated. Feqp. 80a. as. nsl 
to 5s. net each. 

Handy books on all branches of sport by 
experts. 



8 Messrs. Methuen's Publications 

Methuen’S Half-Crown Library 

The Westminster Commentaries 

Croton 8vo and Fcap. 8t». 

Demy Bvo, 8r. 6d, net to i6t. net. 

A 

Edited by W. LOCK, D.D. The object 

Methuen’s Two Shilling Library 

of these commentaries is primarily 

Fcap. 800. 

to interpret the author’s meaning to the 

Two series of cheap editions of popular 

present generation, taking the English 

books. 

text in the Revised Version as their 

Write for complete lute 

basis. 

THE LITTLE GUIDES 

Small Pott 800. Illustrated and with Mapa 

4t. net mostly 

THE 6a VOLUMES IN 

THE SERIES ARB 

Bedfordshirb and Huntingdonshirb 

Middlesex 

Berkshire 

Monmouthshire 

Brittany 

Norfolk 51. net 

Buckinghaimshirb 

Normandy ss. net 

Cambridge and Colleges 

Northamptonshire 

Cambridgeshire 

Northumberland 7s. 6d. net 

Cathedral Cities of England and 

North Wales 6s. net 

Wales 61. net 

Nottinghamshire 

Channel Islands st, net 

Oxford and Colleges 

Cheshire net 

Oxfordshire 

Cornwall 

Rome 5«>net 

Cumberland and Westmorland 6r. net 

St. Paul’s Cathedral 

Derbyshire 

Shakespeare’s Country 

Devon 

Shropshire 

Dorset 

Sicily 

Durham 

Snowdonia 61. net 

English Lakes 6r. net 

Somerset 

Essex 

South Wales 

Gloucestershire 

Staffordshire sf* net 

Gray’s Inn and Lincoln’s Inn 65. net 

Suffolk 

Hampshire 

Surrey 

Herefordshire 41. 6d. net 

Sussex 

Hbrtforoshirb 

Templb 

ISLx OP Man 6l net. 

Warwickshire sf. net 

lisLB OP Wight 

Westminster Abbey 

Kent sm. net 

Wiltshire 6s. net 

Kerry 

Worcestershire 6s. net 

Lancashire 6t. net 

Yorkshire East Riding 5s. net 

Leicbbtershirb and Rutland 5s. net 

Yorkshire North Riding 

Lincolnshire 6r. net 

Yorkshire West Riding 7s. 6d. net 

London 

Malvern Country 

York 6s. net 

Methuen & Co. Ltd., 36 Essex Street, London, W.C.2. 

lias 








